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STEP 2020, P3, Q12 - Solution (6 pages; 30/1/23) 

 

(i) Part 1 

X and Y are independent Geometric variables (so that eg 

𝑃(𝑋 = 𝑥) = 𝑞𝑥−1𝑝)  

and  𝑃(𝑆 = 𝑠) = 𝑃(𝑋 + 𝑌 = 𝑠) = ∑ 𝑃(𝑋 = 𝑘 & 𝑌 = 𝑠 − 𝑘)𝑠−1
𝑘=1  

= ∑ 𝑃(𝑋 = 𝑘). 𝑃(𝑌 = 𝑠 − 𝑘)𝑠−1
𝑘=1   , as 𝑋 & 𝑌 are independent 

= ∑ 𝑞𝑘−1𝑝.𝑠−1
𝑘=1 𝑞𝑠−𝑘−1𝑝  

= 𝑝2𝑞𝑠−2 ∑ 1𝑠−1
𝑘=1     

= (𝑠 − 1)𝑝2𝑞𝑠−2  (for 𝑠 ≥ 2) 

 

Part 2 

𝑃(𝑇 ≤ 𝑡) = 1 − 𝑃(𝑇 > 𝑡)  

= 1 − 𝑃(𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑜𝑓 𝑋 & 𝑌 > 𝑡)   

= 1 − [1 − 𝑃(𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑋 𝑛𝑜𝑟 𝑌 > 𝑡)]  

= 𝑃(𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑋 𝑛𝑜𝑟 𝑌 > 𝑡)  

= 𝑃(𝑋 ≤ 𝑡 𝑎𝑛𝑑 𝑌 ≤ 𝑡)  

= 𝑃(𝑋 ≤ 𝑡)𝑃(𝑌 ≤ 𝑡),  as as 𝑋 & 𝑌 are independent 

 

Now, 𝑃(𝑋 ≤ 𝑡) = ∑ 𝑞𝑘−1𝑝𝑡
𝑘=1 =

𝑝(𝑞𝑡−1)

1−𝑞
= 1 − 𝑞𝑡 , 

so that  𝑃(𝑇 ≤ 𝑡) = (1 − 𝑞𝑡)2 
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And 𝑃(𝑇 = 𝑡) = 𝑃(𝑇 ≤ 𝑡) − 𝑃(𝑇 ≤ 𝑡 − 1) 

= (𝑞𝑡 − 1)2 − (𝑞𝑡−1 − 1)2  

= [(𝑞𝑡 − 1) − (𝑞𝑡−1 − 1)][(𝑞𝑡 − 1) + (𝑞𝑡−1 − 1)]  

= [𝑞𝑡 − 𝑞𝑡−1][𝑞𝑡 + 𝑞𝑡−1 − 2]  

= 𝑞𝑡−1(𝑞 − 1)(𝑞𝑡 + 𝑞𝑡−1 − 2)  

= 𝑞𝑡−1𝑝(2 − 𝑞𝑡 − 𝑞𝑡−1) , which is the same as the required 

expression 

 

(ii) Part 1 

Consider separately 𝑈 = 0 𝑎𝑛𝑑 𝑈 ≥ 1: 

𝑃(𝑈 = 0) = ∑ 𝑃(𝑋 = 𝑘 𝑎𝑛𝑑 𝑌 = 𝑘)∞
𝑘=1    

= ∑ 𝑃(𝑋 = 𝑘)𝑃(𝑌 = 𝑘)∞
𝑘=1   

= ∑ 𝑞𝑘−1𝑝 . 𝑞𝑘−1𝑝∞
𝑘=1   

= ∑ 𝑞2𝑘−2𝑝2∞
𝑘=1   

=
𝑝2

1−𝑞2 =
𝑝2

(1−𝑞)(1+𝑞)
=

𝑝

1+𝑞
  

 

For 𝑈 ≥ 1:  

𝑃(𝑈 = 𝑢) = 𝑃(𝑈 ≠ 0)  

× 𝑃(2𝑛𝑑 𝑝𝑒𝑟𝑠𝑜𝑛 𝑡𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 𝑎 𝐻𝑒𝑎𝑑 𝑜𝑏𝑡𝑎𝑖𝑛𝑠 𝑖𝑡 𝑢 𝑡𝑜𝑠𝑠𝑒𝑠  

𝑎𝑓𝑡𝑒𝑟 𝑡ℎ𝑒 1𝑠𝑡 𝑝𝑒𝑟𝑠𝑜𝑛 |𝑈 ≠ 0)  

= (1 −
𝑝

1+𝑞
) 𝑞𝑢−1𝑝  

=
(1+𝑞−𝑝)𝑞𝑢−1𝑝 

1+𝑞
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=
2𝑞.𝑞𝑢−1𝑝 

1+𝑞
  

=
2𝑞𝑢𝑝 

1+𝑞
  

 

Part 2 

𝑃(𝑊 > 𝑤) = 𝑃(𝑋 > 𝑤 𝑎𝑛𝑑 𝑌 > 𝑤)  

= 𝑃(𝑋 > 𝑤)𝑃(𝑌 > 𝑤)  

So 𝑃(𝑊 ≤ 𝑤) = 1 − (1 − 𝑃(𝑋 ≤ 𝑤))(1 − 𝑃(𝑌 ≤ 𝑤)) 

From (i) (Part 2), 

𝑃(𝑋 ≤ 𝑤) & 𝑃(𝑌 ≤ 𝑤) = 1 − 𝑞𝑤, 

so that  𝑃(𝑊 ≤ 𝑤) = 1 − 𝑞𝑤 . 𝑞𝑤 = 1 − 𝑞2𝑤 

 

Then 𝑃(𝑊 = 𝑤) = 𝑃(𝑊 ≤ 𝑤) − 𝑃(𝑊 ≤ 𝑤 − 1) 

= (1 − 𝑞2𝑤) − (1 − 𝑞2[𝑤−1])  

= 𝑞2𝑤−2 − 𝑞2𝑤  

[The Official sol’ns give 𝑝𝑞2𝑤−2(1 + 𝑞) as the answer, 

and this can be rearranged as (1 − 𝑞)𝑞2𝑤−2(1 + 𝑞)  

= 𝑞2𝑤−2(1 − 𝑞2) = 𝑞2𝑤−2 − 𝑞2𝑤 , as above.] 

 

(iii) 𝑃(𝑆 = 2 𝑎𝑛𝑑 𝑇 = 3) = 𝑃(𝑋 + 𝑌 = 2 𝑎𝑛𝑑 max(𝑋, 𝑌) = 3) = 0 

whilst 𝑃(𝑆 = 2) × 𝑃(𝑇 = 3) 

= (2 − 1)𝑝2𝑞2−2. 𝑞3−1𝑝(2 − 𝑞3 + 𝑞3−1)  

= 𝑝2𝑞2𝑝(2 − 𝑞3 + 𝑞2)  
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and in general, 2 − 𝑞3 + 𝑞2 ≠ 0, 

so 𝑃(𝑆 = 2 𝑎𝑛𝑑 𝑇 = 3) ≠ 𝑃(𝑆 = 2) × 𝑃(𝑇 = 3) 

 

(iv) Part 1 

To show that U and W are independent, we need to establish that 

𝑃(𝑈 = 𝑢 𝑎𝑛𝑑 𝑊 = 𝑤) = 𝑃(𝑈 = 𝑢)𝑃(𝑊 = 𝑤)   (*) 

When 𝑈 = 0, 

𝑃(𝑈 = 𝑢 𝑎𝑛𝑑 𝑊 = 𝑤) = 𝑃(𝑋 = 𝑌 = 𝑤) = 𝑃(𝑋 = 𝑤)(𝑌 = 𝑤)  

= 𝑞𝑤−1𝑝. 𝑞𝑤−1𝑝 = 𝑞2𝑤−2𝑝2  

and 𝑃(𝑈 = 𝑢)𝑃(𝑊 = 𝑤) =
𝑝

1+𝑞
 (𝑞2𝑤−2 − 𝑞2𝑤)  

=
𝑝𝑞2𝑤−2(1−𝑞2)

1+𝑞
= 𝑝𝑞2𝑤−2(1 − 𝑞) = 𝑞2𝑤−2𝑝2  

So (*) holds when 𝑈 = 0. 

When 𝑈 ≥ 1, 

𝑃(𝑈 = 𝑢 𝑎𝑛𝑑 𝑊 = 𝑤) =  

= 𝑃(𝑋 = 𝑤 𝑎𝑛𝑑 𝑌 = 𝑤 + 𝑢 𝑂𝑅 𝑌 = 𝑤 𝑎𝑛𝑑 𝑋 = 𝑤 + 𝑢)  

= 𝑃(𝑋 = 𝑤 𝑎𝑛𝑑 𝑌 = 𝑤 + 𝑢 ) + 𝑃(𝑌 = 𝑤 𝑎𝑛𝑑 𝑋 = 𝑤 + 𝑢)  

= 2𝑞𝑤−1𝑝. 𝑞𝑤+𝑢−1𝑝  

= 2𝑞2𝑤+𝑢−2𝑝2  

And 𝑃(𝑈 = 𝑢)𝑃(𝑊 = 𝑤) =
2𝑞𝑢𝑝 

1+𝑞
 . (𝑞2𝑤−2 − 𝑞2𝑤)  

=
2𝑞2𝑤+𝑢−2𝑝(1−𝑞2)

1+𝑞
   

= 2𝑞2𝑤+𝑢−2𝑝(1 − 𝑞)  
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= 2𝑞2𝑤+𝑢−2𝑝2   

So (*) holds when 𝑈 ≥ 1 as well. 

Hence U and W are independent. 

 

Part 2 

From (iii), we have established that S and T are not independent. 

We need to show that the following pairs of variables are also not 

independent: 

(a) S and U (b) S and W (c) T and U (d) T and W 

 

(a) S and U 

𝑈 = 0:  

𝑃(𝑆 = 𝑠 𝑎𝑛𝑑 𝑈 = 0) = 𝑃 (𝑋 =
𝑠

2
 & 𝑌 =

𝑠

2
) = 𝑃(𝑋 =

𝑠

2
)𝑃(𝑌 =

𝑠

2
), 

which is zero if 𝑠 is odd;  

whereas  𝑃(𝑆 = 𝑠)𝑃(𝑈 = 0) is non-zero for odd 𝑠  

So S and U are not independent. [No need to investigate 𝑈 ≥ 1. ] 

 

(b) S and W 

𝑃(𝑊 = 1) will vary with knowledge of the value of S: If 𝑆 = 2, for 

example, 𝑃(𝑊 = 1) = 1, as both X and Y must be 1,  and when 𝑆 ≥

4, 𝑃(𝑊 = 1) ≠ 1 (as 𝑋 = 𝑌 = 2 is possible, for example, when 𝑆 =

4). 

And so S and W are not independent. 
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(c) T and U 

[T is Max(X,Y); U is |𝑋 − 𝑌|] 

The knowledge that U is large increases the probability that T is 

large, as it rules out situations where X & Y are both small. 

So T and U are not independent. 

 

(d) T and W 

[T is Max(X,Y);  W is Min(X,Y)] 

If eg it is known that 𝑇 ≤ 10 (so that both X & Y ≤ 10) then 

𝑊 > 10 is not possible. 

So T and W are not independent. 

 


