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STEP 2019, P2, Q11 - Solution (5 pages;7/7/20) 

(i) 1st part 

When 𝑛3 = 9, possibilities are: 

2, 8  

3, 8 ; 3, 7  

4, 8; 4,7; 4, 6  

5, 8; 5, 7; 5, 6  

6, 8; 6, 7  

7, 8  

ie number of ways is 12  

When 𝑛3 = 10, possibilities are: 

2, 9  

3, 9 ; 3, 8  

4, 9; 4,8; 4, 7  

5, 9; 5, 8; 5, 7; 5, 6  

6, 9; 6, 8; 6, 7  

7, 9; 7, 8  

8, 9  

ie number of ways is 16  

2nd part 

For 𝑛3 = 7, we have: 

2, 6  

3, 6; 3, 5  
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4, 6; 4, 5  

5, 6  

So, for 𝑛3 = 2𝑛 + 1, the numbers of ways are: 

1 

2 

...  

𝑛 − 1  

𝑛 − 1  

... 

2 

1 

giving  2(1 + 2 + ⋯ + [𝑛 − 1]) = (𝑛 − 1)𝑛 

3rd part 

For 𝑛3 = 2𝑛, the numbers of ways are:  

1 + 2 + ⋯ + (𝑛 − 2) + (𝑛 − 1) + (𝑛 − 2) + ⋯ + 2 + 1  

= 2(1 + 2 + ⋯ + [𝑛 − 2]) + (𝑛 − 1)  

= (𝑛 − 2)(𝑛 − 1) + (𝑛 − 1) = (𝑛 − 1)(𝑛 − 1) = (𝑛 − 1)2 

 

(ii) When 𝑁 = 2𝑛 + 1, Prob. that triangle can be formed 

=
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑜𝑟𝑚𝑒𝑑

𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑡ℎ𝑒 𝑟𝑜𝑑𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑
  

=
(𝑛−1)𝑛

(
2𝑛
2

)
=

(𝑛−1)𝑛

(
2𝑛(2𝑛−1)

2
)

=
𝑛−1

2𝑛−1
  , as required. 
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When 𝑁 = 2𝑛, Prob. =
(𝑛−1)2

(
2𝑛−1

2
)

=
(𝑛−1)2

(
(2𝑛−1)(2𝑛−2)

2
)

=
𝑛−1

2𝑛−1
 also. 

 

(iii) Prob. that triangle can be formed 

= ∑ {𝑃𝑟𝑜𝑏(𝑙𝑜𝑛𝑔𝑒𝑠𝑡 𝑟𝑜𝑑 𝑖𝑠 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑟)2𝑀+1
𝑟=4   

× 𝑃𝑟𝑜𝑏(triangle can be formed|𝑙𝑜𝑛𝑔𝑒𝑠𝑡 𝑟𝑜𝑑 𝑖𝑠 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑟)} 

 

𝑃𝑟𝑜𝑏(𝑙𝑜𝑛𝑔𝑒𝑠𝑡 𝑟𝑜𝑑 𝑖𝑠 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑟)  

=
𝑛𝑜.  𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑙𝑜𝑛𝑔𝑒𝑠𝑡 𝑟𝑜𝑑 𝑖𝑠 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑟

𝑛𝑜.  𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 3 𝑟𝑜𝑑𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑
=

(
𝑟−1

2
)

(
2𝑀+1

3
)
  

=
(

(𝑟−1)(𝑟−2)

2!
)

(
(2𝑀+1)(2𝑀)(2𝑀−1)

3!
)

=
3(𝑟−1)(𝑟−2)

2𝑀(2𝑀+1)(2𝑀−1)
  

and P𝑟𝑜𝑏(triangle can be formed|𝑙𝑜𝑛𝑔𝑒𝑠𝑡 𝑟𝑜𝑑 𝑖𝑠 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑟) 

=
𝑛−1

2𝑛−1
 when 𝑟 = 2𝑛 + 1, and 

𝑛−1

2𝑛−1
 when 𝑟 = 2𝑛 

 

So Prob. that triangle can be formed 

= ∑
3(2𝑛−1)(2𝑛−2)

2𝑀(2𝑀+1)(2𝑀−1)
 .

𝑛−1

2𝑛−1
   𝑀

𝑛=2   

+ ∑
3(2𝑛)(2𝑛−1)

2𝑀(2𝑀+1)(2𝑀−1)
 .

𝑛−1

2𝑛−1
   𝑀

𝑛=2   

=
3

𝑀(2𝑀+1)(2𝑀−1)
∑ {(𝑛 − 1)2 + 𝑛(𝑛 − 1)}𝑀

𝑛=2   

=
3

𝑀(2𝑀+1)(2𝑀−1)
∑ (𝑛 − 1)(2𝑛 − 1)𝑀

𝑛=1   

Now  (𝑛 − 1)(2𝑛 − 1) = 2𝑛2 − 3𝑛 + 1 

and ∑ {2𝑛2 − 3𝑛 + 1 }𝑀
𝑛=1  



 fmng.uk 

4 
 

=
2

6
𝑀(𝑀 + 1)(2𝑀 + 1) −

3

2
𝑀(𝑀 + 1) + 𝑀  

=
𝑀

6
{4𝑀2 + 6𝑀 + 2 − 9𝑀 − 9 + 6}  

=
𝑀

6
{4𝑀2 − 3𝑀 − 1}  

=
𝑀(4𝑀+1)(𝑀−1)

6
  

Then Prob. that triangle can be formed 

=
3

𝑀(2𝑀+1)(2𝑀−1)
 .

𝑀(4𝑀+1)(𝑀−1)

6
   

=
(4𝑀+1)(𝑀−1)

2(2𝑀+1)(2𝑀−1)
 , as required. 

 

Alternative method  

Prob. that triangle can be formed 

=
𝑛𝑜.  𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑜𝑟𝑚𝑒𝑑

𝑛𝑜.  𝑜𝑓 𝑤𝑎𝑦𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 3 𝑟𝑜𝑑𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑
  

 

From (i), no.  of ways in which a triangle can be formed 

= ∑ (no.  of ways in which a triangle can be formed2𝑀+1
𝑘=4   

from the integers 1,2, … 𝑘)   

= ∑ (𝑟 − 1)2𝑀
𝑟=2 + ∑ (𝑟 − 1)𝑟𝑀

𝑟=2    

(for 𝑘 = 2𝑟 & 𝑘 = 2𝑟 + 1, respectively)  

= ∑ (𝑟 − 1)(2𝑟 − 1)𝑀
𝑟=2   

= ∑ (𝑟 − 1)(2𝑟 − 1)𝑀
𝑟=1   

=
𝑀(4𝑀+1)(𝑀−1)

6
 , as above 
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Hence Prob. that triangle can be formed 

=
(

𝑀(4𝑀+1)(𝑀−1)

6
)

(
2𝑀+1

3
)

  

=
(

𝑀(4𝑀+1)(𝑀−1)

6
)

(
(2𝑀+1)(2𝑀)(2𝑀−1)

3!
)
  

=
(4𝑀+1)(𝑀−1)

2(2𝑀+1)(2𝑀−1)
    


