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STEP 2019, P1, Q3 - Solution (3 pages; 1/7/20) 

1st part 

∫
1

1+𝑠𝑖𝑛𝑥
𝑑𝑥 = ∫

1−𝑠𝑖𝑛𝑥

1−𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

4
0

𝜋

4
0

  

= ∫
1−𝑠𝑖𝑛𝑥

1−(1−𝑐𝑜𝑠2𝑥)
𝑑𝑥

𝜋

4
0

  

= ∫
1−𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

4
0

  

= ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥 + ∫
−𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

4
0

𝜋

4
0

  (1) 

Let 𝑢 = 𝑐𝑜𝑠𝑥 in the 2nd integral. 

Then (1) = [𝑡𝑎𝑛𝑥]
𝜋

4

0
+ ∫

1

𝑢2  𝑑𝑢

1

√2

1
 

= 1 − 0 + [−
1

𝑢
]

1

√2

1
  

= 1 − √2 + 1 = 2 − √2  

[Alternatively, ∫
−𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

4
0

= − ∫ 𝑡𝑎𝑛𝑥𝑠𝑒𝑐𝑥 𝑑𝑥 = −[𝑠𝑒𝑐𝑥]
𝜋

4

0

𝜋

4
0

 

= −(√2 − 1) = 1 − √2 ] 

 

2nd part 

∫
1

1+𝑠𝑒𝑐𝑥
𝑑𝑥 = ∫

1−𝑠𝑒𝑐𝑥

1−𝑠𝑒𝑐2𝑥
𝑑𝑥

𝜋

3
𝜋

4

𝜋

3
𝜋

4

 = ∫
1−𝑠𝑒𝑐𝑥

−𝑡𝑎𝑛2𝑥
𝑑𝑥

𝜋

3
𝜋

4

  

= − ∫ 𝑐𝑜𝑡2𝑥 𝑑𝑥
𝜋

3
𝜋

4

+ ∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

3
𝜋

4

   (2) 

Let 𝑢 = 𝑠𝑖𝑛𝑥 in the 2nd integral. 
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Then (2) = − ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥 − 1 𝑑𝑥 + ∫
1

𝑢2 𝑑𝑢
√3

2
1

√2

𝜋

3
𝜋

4

 

= −[−𝑐𝑜𝑡𝑥 − 𝑥]

𝜋

3
𝜋

4

+ [−
1

𝑢
]

√3

2
1

√2

  

[
𝑑

𝑑𝑡
𝑐𝑜𝑡𝑥 =

𝑑

𝑑𝑡
(𝑡𝑎𝑛𝑥)−1 = −(𝑡𝑎𝑛𝑥)−2𝑠𝑒𝑐2𝑥 = −𝑐𝑜𝑠𝑒𝑐2𝑥 ] 

= (
1

√3
+

𝜋

3
) − (1 +

𝜋

4
) − (

2

√3
− √2)  

= −
1

√3
+

𝜋

12
− 1 + √2  

 

Alternative approach 

∫
1

1+𝑠𝑒𝑐𝑥
𝑑𝑥 = ∫

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥+1
𝑑𝑥

𝜋

3
𝜋

4

𝜋

3
𝜋

4

  

= ∫ 1 −
1

𝑐𝑜𝑠𝑥+1
𝑑𝑥

𝜋

3
𝜋

4

  

= (
𝜋

3
−

𝜋

4
) − ∫

𝑐𝑜𝑠𝑥−1

𝑐𝑜𝑠2𝑥−1
𝑑𝑥

𝜋

3
𝜋

4

  

=
𝜋

12
+ ∫

𝑐𝑜𝑠𝑥−1

𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

3
𝜋

4

   (3) 

Let 𝑢 = 𝑠𝑖𝑛𝑥 in the integral. 

Then (3) =
𝜋

12
+ ∫

1

𝑢2  𝑑𝑢 − ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥
𝜋

3
𝜋

4

√3

2
1

√2

 

=
𝜋

12
+ [−

1

𝑢
]

√3

2
1

√2

− [−𝑐𝑜𝑡𝑥]

𝜋

3
𝜋

4

  

=
𝜋

12
−

2

√3
+ √2 +

1

√3
− 1  
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=
𝜋

12
−

1

√3
+ √2 − 1  

 

[The official 'Hints' includes a typo: 

 

 

(1 − 𝑠𝑒𝑐2𝑥 = −𝑡𝑎𝑛2𝑥)] 

 

3rd part 

∫
1

(1+𝑠𝑖𝑛𝑥)2  𝑑𝑥 = ∫
(1−𝑠𝑖𝑛𝑥)2

(1−𝑠𝑖𝑛2𝑥)2  𝑑𝑥
𝜋

3
0

𝜋

3
0

  

= ∫
1−2𝑠𝑖𝑛𝑥+𝑠𝑖𝑛2𝑥

𝑐𝑜𝑠4𝑥
 𝑑𝑥

𝜋

3
0

  

= ∫
2−2𝑠𝑖𝑛𝑥−𝑐𝑜𝑠2𝑥

𝑐𝑜𝑠4𝑥
 𝑑𝑥

𝜋

3
0

  

= 2 ∫ 𝑠𝑒𝑐4𝑥 𝑑𝑥
𝜋

3
0

+ 2 ∫
−𝑠𝑖𝑛𝑥

𝑐𝑜𝑠4𝑥
 𝑑𝑥 − ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥

𝜋

3
0

𝜋

3
0

   (4) 

Let 𝑢 = 𝑐𝑜𝑠𝑥 in the 2nd integral. 

Then (4) = 2 ∫ 𝑠𝑒𝑐2𝑥(1 + 𝑡𝑎𝑛2𝑥)𝑑𝑥 + 2 ∫
1

𝑢4  𝑑𝑢
1

2
1

𝜋

3
0

− [𝑡𝑎𝑛𝑥]
𝜋

3

0
   (5) 

Let 𝑢 = 𝑡𝑎𝑛𝑥 in the 1st integral. 

Then (5) = 2 ∫ (1 + 𝑢2) 𝑑𝑢 + 2 [
𝑢−3

−3
]

√3

0

1

2

1
− [𝑡𝑎𝑛𝑥]

𝜋

3

0
  

= 2 [𝑢 +
1

3
𝑢3] √3

0
−

2

3
(8 − 1) − (√3 − 0)  

= 2(√3 + √3 − 0) −
14

3
− √3 = 3√3 −

14

3
  


