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STEP 2019, P1, Q10 - Solution (2 pages; 6/7/20) 

(i) 1st part  

[The Cartesian eq'n can be quoted (according to the Examiner's 

Report), but is derived here.] 

𝑥 = 𝑢𝑠𝑖𝑛𝛼. 𝑡, 𝑦 = 𝑢𝑐𝑜𝑠𝛼. 𝑡 −
1

2
𝑔𝑡2  

Eliminating 𝑡,  𝑦 = 𝑢𝑐𝑜𝑠𝛼 (
𝑥

𝑢𝑠𝑖𝑛𝛼
) −

1

2
𝑔 (

𝑥

𝑢𝑠𝑖𝑛𝛼
)

2
 

Then, as the particle passes through the point (ℎ𝑡𝑎𝑛𝛽, ℎ), 

ℎ = 𝑢𝑐𝑜𝑠𝛼 (
ℎ𝑡𝑎𝑛𝛽

𝑢𝑠𝑖𝑛𝛼
) −

1

2
𝑔 (

ℎ𝑡𝑎𝑛𝛽

𝑢𝑠𝑖𝑛𝛼
)

2
  

⇒ 1 − 𝑡𝑎𝑛𝛽𝑐 = −
𝑔ℎ𝑡𝑎𝑛2𝛽𝑐𝑜𝑠𝑒𝑐2𝛼

2𝑢2   

= −
𝑡𝑎𝑛2𝛽(𝑐2+1)

𝑘
  

⇒ 𝑘𝑐𝑜𝑡2𝛽 − 𝑘𝑐𝑜𝑡𝛽. 𝑐 = −(𝑐2 + 1)  

⇒ 𝑐2 + 1 + 𝑘𝑐𝑜𝑡2𝛽 − 𝑘𝑐𝑜𝑡𝛽. 𝑐 = 0  

or  𝑐2 − 𝑐𝑘𝑐𝑜𝑡𝛽 + 1 + 𝑘𝑐𝑜𝑡2𝛽 = 0 , as required. 

(a) 1st part 

The sum of the roots of the quadratic in 𝑐 is −(−𝑘𝑐𝑜𝑡𝛽), 

so that 𝑐𝑜𝑡𝛼1 + 𝑐𝑜𝑡𝛼2 = 𝑘𝑐𝑜𝑡𝛽, as required.  (1) 

2nd part 

The product of the roots of the quadratic in 𝑐 is 1 + 𝑘𝑐𝑜𝑡2𝛽, 

so that  𝑐𝑜𝑡𝛼1. 𝑐𝑜𝑡𝛼2 = 1 + 𝑘𝑐𝑜𝑡2𝛽   

and 𝑐𝑜𝑡𝛼1. 𝑐𝑜𝑡𝛼2 − 1 = 𝑘𝑐𝑜𝑡2𝛽  (2) 

Then (2) ÷ (1) ⇒ 𝑐𝑜𝑡𝛽 =
𝑐𝑜𝑡𝛼1.𝑐𝑜𝑡𝛼2−1

𝑐𝑜𝑡𝛼1+𝑐𝑜𝑡𝛼2
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⇒ 𝑡𝑎𝑛𝛽 =
𝑐𝑜𝑡𝛼1+𝑐𝑜𝑡𝛼2

𝑐𝑜𝑡𝛼1.𝑐𝑜𝑡𝛼2−1
  

=
𝑡𝑎𝑛𝛼2+𝑡𝑎𝑛𝛼1

1−𝑡𝑎𝑛𝛼2𝑡𝑎𝑛𝛼1
= tan (𝛼1 + 𝛼2)  

⇒ 𝛽 = 𝛼1 + 𝛼2 + 180𝑛  (for some integer 𝑛) 

As  𝛼1 & 𝛼2 are positive, and 0 < 𝛽 < 90, 𝑛 = 0; 

ie  𝛽 = 𝛼1 + 𝛼2, as required. 

 

(b) [An inequality in conjunction with a quadratic eq'n suggests 

the use of the discriminant.] 

As there are 2 distinct roots of the quadratic, 

(−𝑘𝑐𝑜𝑡𝛽)2 − 4(1 + 𝑘𝑐𝑜𝑡2𝛽) > 0  

⇒ 𝑐𝑜𝑡2𝛽(𝑘2 − 4𝑘) > 4  

⇒ 𝑘2 − 4𝑘 > 4𝑡𝑎𝑛2𝛽  

⇒ (𝑘 − 2)2 − 4 > 4(𝑠𝑒𝑐2𝛽 − 1)  

⇒ (𝑘 − 2)2 > 4𝑠𝑒𝑐2𝛽   

⇒ 𝑘 − 2 > 2𝑠𝑒𝑐𝛽 , provided 𝑘 − 2 > 0   (3) 

ie result to prove: 
2𝑢2

𝑔ℎ
− 2 > 0,  or 𝑢2 > 𝑔ℎ 

From "𝑣2 = 𝑢2 + 2𝑎𝑠", if 𝐻 is the maximum height reached, then 

0 = (𝑢𝑐𝑜𝑠𝛼)2 − 2𝑔𝐻, so that  𝑢2 =
2𝑔𝐻

𝑐𝑜𝑠2𝛼
>

𝑔ℎ

1
 , as required (as 

𝛼 > 0, so that 𝑐𝑜𝑠𝛼 < 1)   (4) 

Thus, from (3), 𝑘 > 2(1 + 𝑠𝑒𝑐𝛽), as required. 

(ii) From (4), 𝑢2 = 2𝑔𝐻𝑠𝑒𝑐2𝛼, 

so that 𝑘 =
2𝑢2

𝑔ℎ
=

4𝐻𝑠𝑒𝑐2𝛼

ℎ
≥ 4𝑠𝑒𝑐2𝛼 (as 𝐻 ≥ ℎ), as required. 


