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STEP 2019, P1, Q10 - Solution (2 pages; 6/7/20)
(i) 1st part

[The Cartesian eq'n can be quoted (according to the Examiner's
Report), but is derived here.]

. 1
X = usina.t, y = ucosa.t — Egt2

Eliminating t —ucosa( a )—1 ( a )2
gL Y= usina Zg usina

Then, as the particle passes through the point (htanf, h),

htanﬁ) 1 (htanﬁ)z
2

h = ucosa ( , .
usinx usinx

htan?Bcosec?a
= 1—tanfc = —2 ﬁz
2U
tan?B(c?+1)
- k

= kcot?p — kcotB.c = —(c?* + 1)

= c?2 4+ 1+ kcot?f — kcotB.c =0

or c? — ckcotf + 1+ kcot?B = 0, as required.

(a) 1stpart

The sum of the roots of the quadratic in ¢ is —(—kcotf),

so that cotay + cota, = kcotp, as required. (1)

2nd part

The product of the roots of the quadratic in ¢ is 1 + kcot?p,
so that cotay.cota, = 1+ kcot?p

and cota;,.cota, — 1 = kcot?B (2)

cotaq.cotar,—1

Then (2) + (1) = cotf =

cotaq+cota,
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cotaq+cota,
= tanf =

cotaq.cotar—1
__ tanaz+tana,

= = tan(a; + o
1-tanastana, ( : 2)

= [ = a; + a, + 180n (for some integer n)
As a; & a, are positive,and 0 < f < 90,n = 0;

ie f = a; + a,, as required.

(b) [An inequality in conjunction with a quadratic eq'n suggests
the use of the discriminant.]

As there are 2 distinct roots of the quadratic,
(—kcotB)? — 4(1 + kcot?B) > 0

= cot?f(k? — 4k) > 4

= k? — 4k > 4tan?p

= (k—2)%2 —4 > 4(sec?p — 1)

= (k — 2)? > 4sec?p

= k — 2 > 2secf ,provided k —2 >0 (3)

: 2u?
ie result to prove: gih —2>0, oru? > gh
From "v? = u? + 2as", if H is the maximum height reached, then

2gH
cos?a

0 = (ucosa)? — 2gH, so that u? =
a > 0,sothatcosa < 1) (4)

h .
> gT, as required (as

Thus, from (3), k > 2(1 + secf), as required.
(ii) From (4), u?> = 2gHsec?a,

2u?  4Hsec’a :
so thatk = pra > 4sec’a (as H = h), as required.
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