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STEP 2018, P1, Q12 - Solution (3 pages; 14/5/20) 

(i) 𝑃(𝐻𝑒𝑎𝑑) = ∑ 𝑃(𝑐𝑜𝑖𝑛 𝑖 𝑖𝑠 𝑑𝑟𝑎𝑤𝑛) × 𝑃(𝑐𝑜𝑖𝑛 𝑖 𝑠ℎ𝑜𝑤𝑠 𝐻𝑒𝑎𝑑)3
𝑖=1  

=
1

3
𝑝1 +

1

3
𝑝2 +

1

3
𝑝3 =

1

3
(𝑝1 + 𝑝2 + 𝑝3)  

 

(ii)  [𝑁1~𝐵(2, 𝑝) ⇒ 𝐸(𝑁1) = 2𝑝 & 𝑉𝑎𝑟(𝑁1) = 2𝑝(1 − 𝑝) and, 

according to the Examiner's Report,  it was acceptable to just 

quote theseust be quoted.] 

 𝐸(𝑁1) = 1. 𝑃(1 𝐻𝑒𝑎𝑑 𝑓𝑟𝑜𝑚 2 𝑐𝑜𝑖𝑛𝑠) 

+2. (2 𝐻𝑒𝑎𝑑𝑠 𝑓𝑟𝑜𝑚 2 𝑐𝑜𝑖𝑛𝑠)  

= 2𝑝(1 − 𝑝) + 2𝑝2 = 2𝑝  

 

𝐸(𝑁1
2) = 12. 𝑃(1 𝐻𝑒𝑎𝑑 𝑓𝑟𝑜𝑚 2 𝑐𝑜𝑖𝑛𝑠)  

+22. 𝑃(2 𝐻𝑒𝑎𝑑𝑠 𝑓𝑟𝑜𝑚 2 𝑐𝑜𝑖𝑛𝑠)  

= 2𝑝(1 − 𝑝) + 4𝑝2 = 2𝑝 + 2𝑝2  

𝑉𝑎𝑟(𝑁1) = 𝐸(𝑁1
2) − [𝐸(𝑁1)]2  

= 2𝑝 + 2𝑝2 − 4𝑝2  

= 2𝑝(1 − 𝑝)  

 

(iii) 𝐸(𝑁2) = 1. 𝑃(1 𝐻𝑒𝑎𝑑 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 2 𝑐𝑜𝑖𝑛𝑠) 

+2. (2 𝐻𝑒𝑎𝑑𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 2 𝑐𝑜𝑖𝑛𝑠)  

= {𝑃(𝐶𝑜𝑖𝑛𝑠 1 & 2 𝑎𝑟𝑒 𝑐ℎ𝑜𝑠𝑒𝑛). (𝑝1(1 − 𝑝2) + (1 − 𝑝1)𝑝2)  

+𝑃(𝐶𝑜𝑖𝑛𝑠 1 & 3 𝑎𝑟𝑒 𝑐ℎ𝑜𝑠𝑒𝑛). (𝑝1(1 − 𝑝3) + (1 − 𝑝1)𝑝3)  

+𝑃(𝐶𝑜𝑖𝑛𝑠 2 & 3 𝑎𝑟𝑒 𝑐ℎ𝑜𝑠𝑒𝑛). (𝑝2(1 − 𝑝3) + (1 − 𝑝2)𝑝3)}  
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+2{𝑃(𝐶𝑜𝑖𝑛𝑠 1 & 2 𝑎𝑟𝑒 𝑐ℎ𝑜𝑠𝑒𝑛). 𝑝1𝑝2  

+𝑃(𝐶𝑜𝑖𝑛𝑠 1 & 3 𝑎𝑟𝑒 𝑐ℎ𝑜𝑠𝑒𝑛). 𝑝1𝑝3  

+𝑃(𝐶𝑜𝑖𝑛𝑠 2 & 3 𝑎𝑟𝑒 𝑐ℎ𝑜𝑠𝑒𝑛). 𝑝2𝑝3}  

= {
1

3
(𝑝1(1 − 𝑝2) + (1 − 𝑝1)𝑝2)  

+
1

3
(𝑝1(1 − 𝑝3) + (1 − 𝑝1)𝑝3)  

+
1

3
(𝑝2(1 − 𝑝3) + (1 − 𝑝2)𝑝3)}  

+2{
1

3
𝑝1𝑝2 +

1

3
𝑝1𝑝3 +

1

3
𝑝2𝑝3}  

=
1

3
(2𝑝1 + 2𝑝2 + 2𝑝3) = 2𝑝  

 

𝐸(𝑁2
2) = {

1

3
(𝑝1(1 − 𝑝2) + (1 − 𝑝1)𝑝2)  

+
1

3
(𝑝1(1 − 𝑝3) + (1 − 𝑝1)𝑝3)  

+
1

3
(𝑝2(1 − 𝑝3) + (1 − 𝑝2)𝑝3)}  

+4{
1

3
𝑝1𝑝2 +

1

3
𝑝1𝑝3 +

1

3
𝑝2𝑝3}  

=
1

3
(2𝑝1 + 2𝑝2 + 2𝑝3 + 2𝑝1𝑝2 + 2𝑝1𝑝3 + 2𝑝2𝑝3)  

= 2𝑝 +
2

3
(𝑝1𝑝2 + 𝑝1𝑝3 + 𝑝2𝑝3)  

𝑉𝑎𝑟(𝑁2) = 𝐸(𝑁2
2) − [𝐸(𝑁2)]2  

= 2𝑝 +
2

3
(𝑝1𝑝2 + 𝑝1𝑝3 + 𝑝2𝑝3) − 4𝑝2  
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(iv) 𝑉𝑎𝑟(𝑁1) − 𝑉𝑎𝑟(𝑁2) = 

= 2𝑝(1 − 𝑝) − {2𝑝 +
2

3
(𝑝1𝑝2 + 𝑝1𝑝3 + 𝑝2𝑝3) − 4𝑝2}  

= 2𝑝2 −
2

3
(𝑝1𝑝2 + 𝑝1𝑝3 + 𝑝2𝑝3)  

=
2

9
(𝑝1 + 𝑝2 + 𝑝3)2 −

2

3
(𝑝1𝑝2 + 𝑝1𝑝3 + 𝑝2𝑝3)  

=
2

9
(𝑝1

2 + 𝑝2
2 + 𝑝3

2) −
2

9
(𝑝1𝑝2 + 𝑝1𝑝3 + 𝑝2𝑝3)  

=
1

9
((𝑝1 − 𝑝2)2 + (𝑝1 − 𝑝3)2 + (𝑝2 − 𝑝3)2) , 

which is positive, unless 𝑝1 = 𝑝2 = 𝑝3, 

giving 𝑉𝑎𝑟(𝑁2) ≤ 𝑉𝑎𝑟(𝑁2), as required. 

 


