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STEP 2017, P3, Q4 - Solution (2 pages; 15/7/20)  

(i) Let 𝑎 = 𝑒𝑏 (𝑎 ≠ 1 ⇒ 𝑏 ≠ 0) 

Then 𝑙𝑜𝑔𝑎𝑓(𝑥) = 𝑙𝑜𝑔𝑎𝑒. 𝑙𝑛𝑓(𝑥) =
1

𝑙𝑛𝑎
. 𝑙𝑛𝑓(𝑥) =

1

𝑏
𝑙𝑛𝑓(𝑥) 

(as 𝑏 ≠ 0, 
1

𝑏
 is defined) 

Then  𝑎
1

𝑦
∫ 𝑙𝑜𝑔𝑎𝑓(𝑥)𝑑𝑥
𝑦
0 = 𝑒

𝑏

𝑦
∫

1

𝑏
𝑙𝑛𝑓(𝑥)𝑑𝑥

𝑦
0   

= 𝑒
1

𝑦
∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥
𝑦
0 = 𝐹(𝑦), as required. 

 

(ii) 𝐹(𝑦)𝐺(𝑦) = 𝑒
1

𝑦
∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥
𝑦
0 . 𝑒

1

𝑦
∫ 𝑙𝑛𝑔(𝑥)𝑑𝑥
𝑦
0  

= 𝑒
1

𝑦
∫ 𝑙𝑛𝑓(𝑥)+𝑙𝑛𝑔(𝑥)𝑑𝑥
𝑦
0   

= 𝑒
1

𝑦
∫ 𝑙𝑛(𝑓(𝑥)𝑔(𝑥))𝑑𝑥
𝑦
0    

= 𝑒
1

𝑦
∫ 𝑙𝑛ℎ(𝑥)𝑑𝑥
𝑦
0   

= 𝐻(𝑦), as required. 

 

(iii) Let 𝑓(𝑥) = 𝑏𝑥 (so that 𝑓(𝑥) > 0, as 𝑏 > 0) 

Then 𝐹(𝑦) = 𝑒
1

𝑦
∫ 𝑙𝑛𝑏𝑥𝑑𝑥
𝑦
0  

= 𝑒
1

𝑦
∫ 𝑥𝑙𝑛𝑏𝑑𝑥
𝑦
0   

= 𝑒
𝑙𝑛𝑏

𝑦
[
1

2
𝑥2]

𝑦
0   

= 𝑏
1

𝑦
(
1

2
𝑦2)

  

= 𝑏
𝑦

2  or √𝑏𝑦  
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(iv)  𝑒
1

𝑦
∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥
𝑦
0 = √𝑓(𝑦) 

⇒
1

𝑦
∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥
𝑦

0
= 𝑙𝑛√𝑓(𝑦) =

1

2
𝑙𝑛𝑓(𝑦)    

⇒ ∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥
𝑦

0
=

𝑦

2
𝑙𝑛𝑓(𝑦)    

Differentiating wrt 𝑦, 

𝑙𝑛𝑓(𝑦) =
1

2
𝑙𝑛𝑓(𝑦) +

𝑦

2
 .

1

𝑓(𝑦)
𝑓′(𝑦)  

⇒ 𝑙𝑛𝑓(𝑦) =
𝑦

𝑓(𝑦)
𝑓′(𝑦)   (1) 

Let 𝑓(𝑥) = 𝑒𝑔(𝑥) (as 𝑓(𝑥) > 0) 

Result to prove: 𝑔(𝑥) = 𝑐𝑥, so that 𝑓(𝑥) = 𝑒𝑐𝑥 = 𝑏𝑥 ,  

where 𝑏 = 𝑒𝑐(> 0) 

Then  (1)⇒ 𝑔(𝑦) =
𝑦

𝑒𝑔(𝑦)
 . 𝑒𝑔(𝑦)𝑔′(𝑦) 

⇒ 𝑔(𝑦) = 𝑦𝑔′(𝑦)  

⇒
1

𝑦
=

𝑔′(𝑦)

𝑔(𝑦)
  

⇒ ∫
1

𝑦
𝑑𝑦 = ∫

𝑔′(𝑦)

𝑔(𝑦)
𝑑𝑦  

⇒ ln(𝑐𝑦) = ln(𝑔(𝑦))  

⇒ 𝑐𝑦 = 𝑔(𝑦), or 𝑔(𝑥) = 𝑐𝑥, as required.  

 


