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STEP 2017, P3, Q13 - Solution (2 pages; 17/2/21)  

 

1st part 

𝑉(𝑥) = 𝐸((𝑋 − 𝑥)2) = 𝐸(𝑋2 + 𝑥2 − 2𝑋𝑥)  

= 𝐸(𝑋2) + 𝑥2 − 2𝑥𝐸(𝑋)     

Now  𝜎2 = 𝐸(𝑋2) − 𝜇2, 

so that  𝑉(𝑥) = (𝜎2 + 𝜇2) + 𝑥2 − 2𝑥𝜇 

= 𝜎2 + (𝑥 − 𝜇)2  

2nd part 

𝐸(𝑌) = 𝐸(𝜎2 + (𝑋 − 𝜇)2) = 𝜎2 + 𝜎2 = 2𝜎2 , as required 

3rd part 

𝜇 =
1

2
(0 + 1) =

1

2
  and [from the Formulae booklet  - no longer 

provided (@ Feb. 2021)] 𝜎2 =
1

12
(1 − 0)2 =

1

12
 , 

so that  𝑉(𝑥) = 𝜎2 + (𝑥 − 𝜇)2 =
1

12
+ (𝑥 −

1

2
)2 or  𝑥2 − 𝑥 +

1

3
 

4th part 

Consider 𝑃(𝑌 ≤ 𝑦) = 𝑃(
1

12
+ (𝑋 −

1

2
)2 ≤ 𝑦)  

(Note that  
1

12
≤ 

1

12
+ (𝑋 −

1

2
)2 ≤

1

12
+ (1 −

1

2
)

2
=

1

3
) 

= 𝑃(−√𝑦 −
1

12
≤ 𝑥 −

1

2
≤ √𝑦 −

1

12
)  

= 𝑃(
1

2
− √𝑦 −

1

12
≤ 𝑥 ≤

1

2
+ √𝑦 −

1

12
)  
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[As a check, 
1

2
− √𝑦 −

1

12
≥ 0  and 

1

2
+ √𝑦 −

1

12
≤ 1 means that, in 

both cases,  0 ≤ 𝑦 −
1

12
≤

1

4
 ; ie  

1

12
≤ 𝑦 ≤

1

3
 ] 

 

= (
1

2
+ √𝑦 −

1

12
) − (

1

2
− √𝑦 −

1

12
) = 2√𝑦 −

1

12
   (for 

1

12
≤ 𝑦 ≤

1

3
) 

[As a further check, 2√
1

3
−

1

12
= 1] 

Then the pdf of 𝑌 is 
𝑑

𝑑𝑦
 (2√𝑦 −

1

12
) =

1

√𝑦−
1

12

   for 
1

12
≤ 𝑦 ≤

1

3
  

(and zero elsewhere) 

5th part 

To verify that 𝐸(𝑌) = 2𝜎2 = 2 (
1

12
) =

1

6
  in this case: 

𝐸(𝑌) = ∫
𝑦

√𝑦−
1

12

𝑑𝑦
1

3
1

12

  

Let 𝑢 = 𝑦 −
1

12
 , so that  𝐸(𝑌) = ∫

𝑢+
1

12

√𝑢

1

4
0

 𝑑𝑢 

= [
𝑢

3
2

(
3

2
)

+
𝑢

1
2

12(
1

2
)
]

1

4

0
=

2

3
(

1

8
) +

1

6
(

1

2
) =

1

6
 , as required 


