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STEP 2017, P2, Q1 - Solution (2 pages; 14/10/19) 

(i) By Parts, 𝐼𝑛 = ∫ 𝑥𝑛𝑎𝑟𝑐𝑡𝑎𝑛𝑥 𝑑𝑥
1

0
 

= [
𝑥𝑛+1

𝑛+1
𝑎𝑟𝑐𝑡𝑎𝑛𝑥]

1
0

− ∫
𝑥𝑛+1

𝑛+1
(

1

1+𝑥2) 𝑑𝑥
1

0
  (for 𝑛 ≥ 0) 

=
(

𝜋

4
)

𝑛+1
− 0 −

1

𝑛+1
∫

𝑥𝑛+1

1+𝑥2 𝑑𝑥
1

0
  

so that   (𝑛 + 1)𝐼𝑛 =
𝜋

4
− ∫

𝑥𝑛+1

1+𝑥2 𝑑𝑥
1

0
 , as required 

 

And  𝐼0 =
𝜋

4
− ∫

𝑥

1+𝑥2 𝑑𝑥 =
𝜋

4
−

1

2
[ln(1 + 𝑥2)]

1
0

1

0
 

=
𝜋

4
−

1

2
𝑙𝑛2  

 

(ii) From (i),  (𝑛 + 3)𝐼𝑛+2 + (𝑛 + 1)𝐼𝑛 =
𝜋

2
− ∫

𝑥𝑛+3+𝑥𝑛+1

1+𝑥2 𝑑𝑥
1

0
 

=
𝜋

2
− ∫ 𝑥𝑛+1𝑑𝑥 =

𝜋

2
− [

𝑥𝑛+2

𝑛+2
]

1
0

1

0
=

𝜋

2
−

1

𝑛+2
  

So 3𝐼2 + 𝐼0 =
𝜋

2
−

1

2
  and 5𝐼4 + 3𝐼2 =

𝜋

2
−

1

4
 

Then  5𝐼4 + (
𝜋

2
−

1

2
− 𝐼0) =

𝜋

2
−

1

4
 

⇒ 5𝐼4 =
1

4
+ 𝐼0 =

1

4
+ (

𝜋

4
−

1

2
𝑙𝑛2) , from (i) 

⇒ 𝐼4 =
1

20
(1 + 𝜋 − 2𝑙𝑛2)  

 

(iii) When 𝑛 = 1, result to prove: 5𝐼4 = 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟
2
𝑟=1  

= 𝐴 −
1

2
(−1 +

1

2
) = 𝐴 +

1

4
 ; ie  𝐼4 =

1

20
(1 + 4𝐴) 
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From (ii), the result is true when  𝜋 − 2𝑙𝑛2 = 4𝐴; 

ie 𝐴 =
1

4
(𝜋 − 2𝑙𝑛2) 

Suppose that the result is true for 𝑛 = 𝑘, so that  

(4𝑘 + 1)𝐼4𝑘 = 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟
2𝑘
𝑟=1     (1) 

Target result for 𝑛 = 𝑘 + 1: (4𝑘 + 5)𝐼4𝑘+4 = 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟
2𝑘+2
𝑟=1  

From (ii), (4𝑘 + 5)𝐼4𝑘+4 + (4𝑘+3) 𝐼4𝑘+2 =
𝜋

2
−

1

4𝑘+4
  (2) 

and also  (4𝑘 + 3)𝐼4𝑘+2 + (4𝑘+1) 𝐼4𝑘 =
𝜋

2
−

1

4𝑘+2
  (3) 

Then, (2) − (3) gives 

(4𝑘 + 5)𝐼4𝑘+4 − (4𝑘+1) 𝐼4𝑘 =
1

4𝑘+2
−

1

4𝑘+4
 

Then, from (1), (4𝑘 + 5)𝐼4𝑘+4 = 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟
2𝑘
𝑟=1 +

1

4𝑘+2
−

1

4𝑘+4
 

= 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟
2𝑘+2
𝑟=1 +

1

2
{(−1)2𝑘+1.

1

2𝑘+1
+ (−1)2𝑘+2.

1

2𝑘+2
} +

1

4𝑘+2
−

1

4𝑘+4
  

= 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟

2𝑘+2

𝑟=1

+
1

2
{−

1

2𝑘 + 1
+

1

2𝑘 + 2
+

1

2𝑘 + 1
−

1

2𝑘 + 2
} 

= 𝐴 −
1

2
∑ (−1)𝑟 .

1

𝑟
2𝑘+2
𝑟=1  , as required 

So, if the result is true for 𝑛 = 𝑘, then it is true for 𝑛 = 𝑘 + 1 

As it is true for 𝑛 = 1, it will therefore be true for 𝑛 = 2,3, … and 

hence all integer 𝑛 ≥ 1, by the principle of induction. 

 


