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STEP 2016, Paper 1, Q11 – Solution (2 pages; 24/2/21) 

1st part 

The height above the base, 𝑦 = ℎ + 𝑢𝑠𝑖𝑛𝛼. 𝑡 −
1

2
𝑔𝑡2 , where 𝑡 is 

the time from firing. 

The horizontal distance travelled, 𝑋 = 𝑢𝑐𝑜𝑠𝛼. 𝑡 

P hits the plain when 𝑦 = 0, 

so that, substituting for 𝑡, and setting 𝑋 = 𝑥, 

ℎ + 𝑢𝑠𝑖𝑛𝛼.
𝑥

𝑢𝑐𝑜𝑠𝛼
−

1

2
𝑔(

𝑥

𝑢𝑐𝑜𝑠𝛼
)2 = 0  

⇒
𝑔𝑥2

𝑢2 = 2ℎ𝑐𝑜𝑠2𝛼 + 2𝑥𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼  

= ℎ(1 + 𝑐𝑜𝑠(2𝛼)) + 𝑥𝑠𝑖𝑛(2𝛼), as required  (1) 

2nd part 

Differentiating (1) wrt 𝛼: 

2𝑔𝑥

𝑢2

𝑑𝑥

𝑑𝛼
= −2ℎ𝑠𝑖𝑛(2𝛼) +

𝑑𝑥

𝑑𝛼
𝑠𝑖𝑛(2𝛼) + 2𝑥𝑐𝑜𝑠(2𝛼)    

𝑥 is maximised (or minimised) when 
𝑑𝑥

𝑑𝛼
= 0 

⇒ 0 = −2ℎ𝑠𝑖𝑛(2𝛼) + 2𝑥𝑐𝑜𝑠(2𝛼)  

⇒ 𝑥 = ℎ𝑡𝑎𝑛(2𝛼), as required. 

[Note: We could attempt to show that 
𝑑2𝑥

𝑑𝛼2 < 0, to justify the 

maximum, but this turns out to be difficult. Normally the Official 

Sol’ns would require this to be done, but not for this question!] 

3rd part 

Substituting 𝑥 = ℎ𝑡𝑎𝑛(2𝛼) into (1) gives 
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𝑔ℎ2𝑡𝑎𝑛2(2𝛼)

𝑢2 = ℎ(1 + 𝑐𝑜𝑠(2𝛼)) + ℎ𝑡𝑎𝑛(2𝛼)𝑠𝑖𝑛(2𝛼)  

⇒
𝑔ℎ𝑠𝑖𝑛2(2𝛼)

𝑢2𝑐𝑜𝑠2(2𝛼)
= (1 + 𝑐𝑜𝑠(2𝛼)) +

𝑠𝑖𝑛2(2𝛼)

𝑐𝑜𝑠(2𝛼)
   (2) 

Writing  𝐴 = 𝑐𝑜𝑠(2𝛼), (2) ⇒
𝑔ℎ(1−𝐴2)

𝑢2𝐴2 = 1 + 𝐴 +
(1−𝐴2)

𝐴
= 1 +

1

𝐴
   

Writing 𝑘 =
𝑔ℎ

𝑢2  , 𝑘(1 − 𝐴2) = 𝐴2 + 𝐴, 

so that  𝐴2(𝑘 + 1) + 𝐴 − 𝑘 = 0 

⇒ 𝐴 =
−1±√1+4(𝑘+1)𝑘

2(𝑘+1)
=

−1±(2𝑘+1)

2(𝑘+1)
=

𝑘

𝑘+1
 or −1 

𝐴 = −1 ⇒ 𝛼 =
𝜋

2
 , which can be rejected (as P is then fired 

vertically) 

So  𝑐𝑜𝑠(2𝛼) =
𝑘

𝑘+1
=

(
𝑔ℎ

𝑢2)

(
𝑔ℎ

𝑢2)+1
=

𝑔ℎ

𝑔ℎ+𝑢2 

4th part 

The greatest distance between O and the landing point occurs 

when 𝑥 = ℎ𝑡𝑎𝑛(2𝛼) and 𝑐𝑜𝑠(2𝛼) =
𝑔ℎ

𝑔ℎ+𝑢2 

This greatest distance is then √ℎ2 + 𝑥2 

= ℎ√1 + 𝑡𝑎𝑛2(2𝛼) = ℎ𝑠𝑒𝑐(2𝛼) =
ℎ(𝑔ℎ+𝑢2)

𝑔ℎ
= ℎ +

𝑢2

𝑔
 , as required. 


