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STEP 2015, Paper 2, Q6  Solution (2 pages; 25/1/21) 

(i) 1st part 

𝑠𝑒𝑐2 (
𝜋

4
−

𝑥

2
) =

1

(𝑐𝑜𝑠
𝜋

4
𝑐𝑜𝑠

𝑥

2
+𝑠𝑖𝑛

𝜋

4
𝑠𝑖𝑛

𝑥

2
)
2 =

1

(
1

√2
)
2
(𝑐𝑜𝑠

𝑥

2
+𝑠𝑖𝑛

𝑥

2
)
2  

=
2

𝑐𝑜𝑠2(
𝜋

2
)+𝑠𝑖𝑛2(

𝜋

2
)+2cos(

𝜋

2
)sin(

𝜋

2
)
=

2

1+𝑠𝑖𝑛𝑥
 , as required 

2nd part 

∫
1

1+𝑠𝑖𝑛𝑥
𝑑𝑥 =

1

2
∫ 𝑠𝑒𝑐2 (

𝜋

4
−

𝑥

2
)𝑑𝑥 =

1

2
(−2) tan (

𝜋

4
−

𝑥

2
) + 𝑐   

= −tan (
𝜋

4
−

𝑥

2
) + 𝑐  

 

(ii) 1st part 

With 𝑦 = 𝜋 − 𝑥, 𝐼 = ∫ 𝑥𝑓(𝑠𝑖𝑛𝑥)𝑑𝑥
𝜋

0
 

= ∫ (𝜋 − 𝑦)𝑓(sin(𝜋 − 𝑦))(−1)𝑑𝑦
0

𝜋
  

= 𝜋 ∫ 𝑓(𝑠𝑖𝑛𝑦)𝑑𝑦 − ∫ 𝑦𝑓(𝑠𝑖𝑛𝑦)𝑑𝑦
𝜋

0

𝜋

0
  

⇒ 2𝐼 = 𝜋 ∫ 𝑓(𝑠𝑖𝑛𝑦)𝑑𝑦
𝜋

0
 , 

so that  𝐼 =
𝜋

2
∫ 𝑓(𝑠𝑖𝑛𝑥)𝑑𝑥
𝜋

0
, as required 

2nd part 

Hence ∫
𝑥

1+𝑠𝑖𝑛𝑥
𝑑𝑥 =

𝜋

2

𝜋

0 ∫
1

1+𝑠𝑖𝑛𝑥
𝑑𝑥

𝜋

0
 

=
𝜋

2
[− tan (

𝜋

4
−

𝑥

2
)]
𝜋
0

, from (i) 

=
𝜋

2
(1 + 1) = 𝜋  
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(iii) [ ∫
2𝑥3−3𝜋𝑥2

(1+𝑠𝑖𝑛𝑥)2
𝑑𝑥

𝜋

0
 can be reduced to integrals of the form 

𝐴∫
1

(1+𝑠𝑖𝑛𝑥)2
𝑑𝑥

𝜋

0
 , using (ii)] 

Consider  𝐽 = ∫
1

(1+𝑠𝑖𝑛𝑥)2
𝑑𝑥 =

1

4
∫ 𝑠𝑒𝑐4(

𝜋

4
−

𝑥

2
)𝑑𝑥

𝜋

0

𝜋

0
 , from the 1st 

part of (i) 

[As 𝑠𝑒𝑐4𝜃 = 𝑠𝑒𝑐2𝜃(𝑡𝑎𝑛2𝜃 + 1), and ∫ 𝑠𝑒𝑐2𝜃𝑑𝑦 = 𝑡𝑎𝑛𝜃: ] 

Let 𝑦 = tan(
𝜋

4
−

𝑥

2
), so that 𝑑𝑦 = 𝑠𝑒𝑐2 (

𝜋

4
−

𝑥

2
) (−

1

2
) 𝑑𝑥 

Then  𝐽 =
1

4
∫ (𝑦2 + 1)(−2)𝑑𝑦
−1

1
 

=
1

2
[
1

3
𝑦3 + 𝑦]

1
−1

  

=
1

2
(
1

3
+ 1) −

1

2
(−

1

3
− 1) =

4

3
  

Now ∫
2𝑥3−3𝜋𝑥2

(1+𝑠𝑖𝑛𝑥)2
𝑑𝑥

𝜋

0
= [2 (

𝜋

2
)
3
− 3𝜋 (

𝜋

2
)
2
] 𝐽, 

by repeated application of the 1st part of (ii). 

= 𝜋3 (
1

4
−

3

4
) (

4

3
) = −

2

3
𝜋3  

  

 

 

 


