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STEP 2014, P2, Q12 - Solution (4 pages; 25/6/20) 

(i) 𝑃(dying within following 𝛿𝑡 | fly lives to at least time 𝑡) 

=
𝑃(fly lives to at least time t and dies within following 𝛿𝑡)

𝑃(fly lives to at least time 𝑡)
  

=
𝐹(𝑡+𝛿𝑡)−𝐹(𝑡)

1−𝐹(𝑡)
   (A) 

Now 𝑓(𝑡) = lim
𝛿𝑡→0

𝐹(𝑡+𝛿𝑡)−𝐹(𝑡)

𝛿𝑡
 ,  

so that 𝐹(𝑡 + 𝛿𝑡) − 𝐹(𝑡) ≈ f(t)𝛿𝑡 for small 𝛿𝑡. 

Also ℎ(𝑡) =
𝑓(𝑡)

1−𝐹(𝑡)
 ,  

so that (A) ≈
f(t)𝛿𝑡

(
𝑓(𝑡)

ℎ(𝑡)
)

= ℎ(𝑡)𝛿𝑡, as required. 

 

(ii) When 𝐹(𝑡) =
𝑡

𝑎
 , 𝑓(𝑡) =

𝑑

𝑑𝑡
(

𝑡

𝑎
) =

1

𝑎
 

so that ℎ(𝑡) =
𝑓(𝑡)

1−𝐹(𝑡)
=

(
1

𝑎
)

1−(
𝑡

𝑎
)

=
1

𝑎−𝑡
 

ℎ(𝑡) =
1

𝑎−𝑡
 can be obtained from 𝑓(𝑡) =

1

𝑡
 by the following 

transformations:  

translation of (
−𝑎
0

) (to give 
1

𝑡+𝑎
), 

followed by relection in 𝑦-axis (to give 
1

−𝑡+𝑎
) 

Note that ℎ′(𝑡) =
1

(𝑎−𝑡)2 , so that ℎ′(0) =
1

𝑎2 
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(iii) 
1

𝑡
=

𝑓(𝑡)

1−𝐹(𝑡)
⇒ ∫

1

𝑡
 𝑑𝑡 = ∫

𝑓(𝑡)

1−𝐹(𝑡)
 𝑑𝑡

𝑇

𝑎

𝑇

𝑎
 

⇒ ln (
𝑇

𝑎
) = [−ln (1 − 𝐹(𝑡))]𝑇

𝑎
   , as 𝑓(𝑡) =

𝑑

𝑑𝑡
𝐹(𝑡) 

= − ln(1 − 𝐹(𝑇)) + ln (1 − 𝐹(𝑎))  

= ln (
1

1−𝐹(𝑇)
)  , as 𝐹(𝑎) = 0 

Hence  
𝑇

𝑎
=

1

1−𝐹(𝑇)
 , so that 1 − 𝐹(𝑇) =

𝑎

𝑇
  and 𝐹(𝑡) = 1 −

𝑎

𝑡
 

Then 𝑓(𝑡) =
𝑑

𝑑𝑡
(1 −

𝑎

𝑡
) =

𝑎

𝑡2 

[Check: ℎ(𝑡) =
𝑓(𝑡)

1−𝐹(𝑡)
=

(
𝑎

𝑡2)

(
𝑎

𝑡
)

=
1

𝑡
 ] 

 

(iv) Suppose that ℎ(𝑡) = 𝑐 (a constant) for 𝑡 > 𝑏, and zero 

otherwise. 
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Then, for 𝑇 > 𝑏,  ∫ 𝑐 𝑑𝑡 = ∫
𝑓(𝑡)

1−𝐹(𝑡)
 𝑑𝑡

𝑇

𝑏
= [−ln (1 − 𝐹(𝑡))]𝑇

𝑏
𝑇

𝑏
 , 

so that  𝑐(𝑇 − 𝑏) = − ln(1 − 𝐹(𝑇)) + ln (1 − 𝐹(𝑏)) 

= 𝑙𝑛 (
1−𝐹(𝑏)

1−𝐹(𝑇)
)  

and  𝑒𝑐(𝑡−𝑏) =
1−𝐹(𝑏)

1−𝐹(𝑡)
 , 

so that  1 − 𝐹(𝑡) = (1 − 𝐹(𝑏))𝑒−𝑐(𝑡−𝑏) 

and differentiating: 

−𝑓(𝑡) = (1 − 𝐹(𝑏))𝑒−𝑐(𝑡−𝑏)(−𝑐)  

so that 𝑓(𝑡) = 𝑐(1 − 𝐹(𝑏))𝑒−𝑐(𝑡−𝑏)  for 𝑡 > 𝑏  (A) 

Also, as ℎ(𝑡) =
𝑓(𝑡)

1−𝐹(𝑡)
 for 𝐹(𝑡) < 1, and ℎ(𝑡) = 0 for 𝑡 ≤ 𝑏, 

it follows that 𝑓(𝑡) = 0 for 𝑡 ≤ 𝑏, and hence 𝐹(𝑏) = 0. 

So, from (A), 𝑓(𝑡) = 𝑐𝑒−𝑐(𝑡−𝑏) for 𝑡 > 𝑏, 

and replacing 𝑐 with 𝑘 gives the required form, 

and 𝑘 has to be positive, in order for 𝑓(𝑡) to be positive. 

 

Suppose instead that 𝑓(𝑡) = 𝑘𝑒−𝑘(𝑡−𝑏)  for 𝑡 > 𝑏 (where 𝑘 is  a 

positive constant). 

Then  𝐹(𝑡) = 𝐶 − 𝑒−𝑘(𝑡−𝑏) 

As 𝑡 → ∞, 𝐹(𝑡) → 1, so that 𝐶 = 1. 

Then ℎ(𝑡) =
𝑓(𝑡)

1−𝐹(𝑡)
=

𝑘𝑒−𝑘(𝑡−𝑏)

𝑒−𝑘(𝑡−𝑏) = 𝑘, for 𝑡 > 𝑏, as required. 

 

(v)  (
𝜆

𝜃𝜆) 𝑡𝜆−1 =
𝑓(𝑡)

1−𝐹(𝑡)
⇒

𝜆

𝜃𝜆 ∫ 𝑡𝜆−1 𝑑𝑡 = ∫
𝑓(𝑡)

1−𝐹(𝑡)
 𝑑𝑡

𝑇

0

𝑇

0
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⇒
𝜆

𝜃𝜆 [
1

𝜆
𝑡𝜆]

𝑇
0

= [−ln (1 − 𝐹(𝑡))]𝑇
0

  

⇒
1

𝜃𝜆 (𝑇𝜆) = −𝑙𝑛(1 − 𝐹(𝑇)) , as 𝐹(0) = 0 

Hence  1 − 𝐹(𝑇) = 𝑒
−(

𝑇

𝜃
)

𝜆

 

and  𝐹(𝑡) = 1 − 𝑒
−(

𝑡

𝜃
)

𝜆

 

Then  𝑓(𝑡) = 𝜆 (
𝑡

𝜃
)

𝜆−1
𝑒

−(
𝑡

𝜃
)

𝜆

 

 


