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STEP 2013, P3, Q8 - Solution (2 pages; 9/7/20) 

1st part 

∑ 𝑒2𝑖(𝛼+
𝑟𝜋

𝑛
) = 𝑒2𝑖𝛼(1 + 𝑒

2𝑖𝜋

𝑛 + ⋯ + 𝑒
2𝑖(𝑛−1)𝜋

𝑛 )𝑛−1
𝑟=0   

= 𝑒2𝑖𝛼
{(𝑒

2𝑖𝜋
𝑛 )

𝑛

−1}

𝑒
2𝑖𝜋

𝑛 −1

  

= 𝑒2𝑖𝛼 (𝑒2𝑖𝜋−1)

𝑒
2𝑖𝜋

𝑛 −1

= 0   , as  𝑒2𝑖𝜋 = 0  and 𝑒
2𝑖𝜋

𝑛 ≠ 1 

2nd part 

𝑠 = 𝑑 − 𝑟𝑐𝑜𝑠𝜃  

3rd part 

Without loss of generality, we can assume that 𝐿1 is horizontal, 𝐿2 

is at an angle 
𝜋

𝑛
 to (and above) the horizontal, etc 

𝑙𝑗 = 𝑟(𝜃𝑗) + 𝑟(−[𝜋 − 𝜃𝑗])  

[We need to express 𝑟(𝜃) in terms of 𝑑] 

𝑠 = 𝑑 − 𝑟𝑐𝑜𝑠𝜃  and 𝑟 = 𝑘𝑠, 

so that  
𝑟

𝑘
= 𝑑 − 𝑟𝑐𝑜𝑠𝜃   

⇒ 𝑟 (
1

𝑘
+ 𝑐𝑜𝑠𝜃) = 𝑑  

⇒ 𝑟 =
𝑑

1

𝑘
+𝑐𝑜𝑠𝜃

  

and 𝑙𝑗 =
𝑑

1

𝑘
+𝑐𝑜𝑠𝜃𝑗

+
𝑑

1

𝑘
+cos (−[𝜋−𝜃𝑗])

 

=
𝑑

1

𝑘
+𝑐𝑜𝑠𝜃𝑗

+
𝑑

1

𝑘
+cos (𝜋−𝜃𝑗)
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=
𝑑

1

𝑘
+𝑐𝑜𝑠𝜃𝑗

+
𝑑

1

𝑘
−𝑐𝑜𝑠𝜃𝑗

  

=
𝑑(

1

𝑘
−𝑐𝑜𝑠𝜃𝑗)+𝑑(

1

𝑘
+𝑐𝑜𝑠𝜃𝑗)

1

𝑘2−𝑐𝑜𝑠2𝜃𝑗

  

=
(

2𝑑

𝑘
)

1

𝑘2−𝑐𝑜𝑠2𝜃𝑗

  

and 
1

𝑙𝑗
=

1−𝑘2𝑐𝑜𝑠2𝜃𝑗

2𝑘𝑑
 

Then ∑
1

𝑙𝑗
=

𝑛

2𝑘𝑑
−

𝑘2

4𝑘𝑑

𝑛
𝑗=1 ∑ 2𝑐𝑜𝑠2𝜃𝑗

𝑛
𝑗=1   (1) 

Result to prove: ∑ 2𝑐𝑜𝑠2𝜃𝑗
𝑛
𝑗=1 = 𝑛 

Proof: LHS = ∑ {1 + cos(2𝜃𝑗)}𝑛
𝑗=1 = 𝑛 + ∑ cos(2𝜃𝑗)𝑛

𝑗=1    (2) 

The initial result,  ∑ 𝑒2𝑖(𝛼+
𝑟𝜋

𝑛
) = 0𝑛−1

𝑟=0   

⇒ 𝑅𝑒{∑ 𝑒2𝑖(𝛼+
𝑟𝜋

𝑛
)} = 0𝑛−1

𝑟=0   

⇒ ∑ cos (2𝛼 +
2𝑟𝜋

𝑛
) = 0𝑛−1

𝑟=0    

Setting 𝛼 = 0, and as 𝜃𝑗 =
(𝑗−1)𝜋

𝑛
 , 

it follows that  ∑ cos(2𝜃𝑗)𝑛
𝑗=1 = 0 

Thus (2) = 𝑛, as required. 

And so  (1) =
𝑛

2𝑘𝑑
−

𝑘2𝑛

4𝑘𝑑
=

(2−𝑘2)𝑛

4𝑘𝑑
 , as required. 

 

 


