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STEP 2013, Paper 2, Q2 – Solution (3 pages; 7/5/20) 

[Almost entirely 'show that' results.] 

(i) 1st part 

Let 𝑦 = 1 − 𝑥,  

so that ∫ 𝑥𝑛−1(1 − 𝑥)𝑛𝑑𝑥 = ∫ (1 − 𝑦)𝑛−1𝑦𝑛(−𝑑𝑦)
0

1

1

0
 

= ∫ 𝑦𝑛(1 − 𝑦)𝑛−1𝑑𝑦 =
1

0
∫ 𝑥𝑛(1 − 𝑥)𝑛−1𝑑𝑥

1

0
 , as required  (A) 

2nd part 

𝐼𝑛−1 = ∫ 𝑥𝑛−1(1 − 𝑥)𝑛−1𝑑𝑥
1

0
  

And  ∫ 𝑥𝑛−1(1 − 𝑥)𝑛𝑑𝑥
1

0
 

= ∫ 𝑥𝑛−1(1 − 𝑥)𝑛−1𝑑𝑥
1

0
− ∫ 𝑥𝑛(1 − 𝑥)𝑛−1𝑑𝑥

1

0
  

= 𝐼𝑛−1 − ∫ 𝑥𝑛−1(1 − 𝑥)𝑛𝑑𝑥
1

0
, from (A) 

Hence  2 ∫ 𝑥𝑛−1(1 − 𝑥)𝑛𝑑𝑥 = 𝐼𝑛−1
1

0
, as required  (B) 

(𝑛 ≥ 1 ⇒ 𝐼𝑛−1 is defined) 

3rd part 

By Parts, 𝐼𝑛 = ∫ 𝑥𝑛(1 − 𝑥)𝑛𝑑𝑥
1

0
 

= [𝑥𝑛 (−
1

𝑛+1
) (1 − 𝑥)𝑛+1]

1
0

− ∫ 𝑛𝑥𝑛−1 (−
1

𝑛+1
) (1 − 𝑥)𝑛+1𝑑𝑥

1

0
  

=
𝑛

𝑛+1
∫ 𝑥𝑛−1(1 − 𝑥)𝑛+1𝑑𝑥

1

0
,  as required 
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4th part 

Hence  𝐼𝑛 =
𝑛

𝑛+1
{∫ 𝑥𝑛−1(1 − 𝑥)𝑛𝑑𝑥

1

0
− ∫ 𝑥𝑛(1 − 𝑥)𝑛𝑑𝑥

1

0
} 

=
𝑛

𝑛+1
{

1

2
𝐼𝑛−1 − 𝐼𝑛},  from (B) 

⇒ 𝐼𝑛{(𝑛 + 1) + 𝑛} =
𝑛𝐼𝑛−1

2
  

⇒ 𝐼𝑛 =
𝑛

2(2𝑛+1)
𝐼𝑛−1 , as required  (C) 

 

(ii)  From (C), 𝐼𝑛 =
𝑛

2(2𝑛+1)
.

𝑛−1

2(2𝑛−1)
.

𝑛−2

2(2𝑛−3)
…

1

2(3)
𝐼0 

𝐼0 = ∫ 𝑑𝑥 = 1
1

0
, so that  𝐼𝑛 =

(𝑛!)2

(𝑛!)(2𝑛)(2𝑛+1)(2𝑛−1)…3
  

=
(𝑛!)2(2𝑛)(2𝑛−2)…2

(𝑛!)(2𝑛)(2𝑛+1)!
=

(𝑛!)2(2𝑛)(𝑛!)

(𝑛!)(2𝑛)(2𝑛+1)!
=

(𝑛!)2

(2𝑛+1)!
  

 

(iii) 1st part 

𝐼1

2

= ∫ 𝑥
1

2(1 − 𝑥)
1

2 𝑑𝑥
1

0
  

Let 𝑥 = 𝑠𝑖𝑛2𝜃, so that 𝑑𝑥 = 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑑𝜃 

and 𝐼1

2

= ∫  𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃(2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃)𝑑𝜃
𝜋

2
0

 

=
1

2
∫  𝑠𝑖𝑛2(2𝜃)𝑑𝜃

𝜋

2
0

  

=
1

4
∫  1 − 𝑐𝑜𝑠4𝜃 𝑑𝜃

𝜋

2
0

  

=
1

4
[𝜃 −

1

4
𝑠𝑖𝑛4𝜃]

𝜋

2

0
  

=
1

4
(

𝜋

2
− 0) =

𝜋

8
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2nd part 

As (C) doesn't require 𝑛 to be an integer, 

𝐼3

2

=
(

3

2
)

2(4)
𝐼1

2

=
3

16
 .

𝜋

8
=

3𝜋

128
  

 

 


