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STEP 2013, Paper 2, Q13 – Sol'n (3 pages; 11/6/20)  

(i) 1st part 

𝑃(𝐴 = 1) = 𝑃(1st throw is H)𝑃(2nd throw is H)  

+𝑃(1st throw is T)𝑃(2nd throw is T)  

= 𝑝2 + 𝑞2  

2nd part 

𝑃(𝑆 = 1) = 𝑃(1st throw is H)𝑃(2nd throw is T)  

+𝑃(1st throw is T)𝑃(2nd throw is H)  

= 2𝑝𝑞  

3rd part 

𝑃(𝐴 = 1) − 𝑃(𝑆 = 1) = 𝑝2 + 𝑞2 − 2𝑝𝑞 = (𝑝 − 𝑞)2 > 0, as 𝑝 ≠ 𝑞 

So 𝑃(𝑆 = 1) < 𝑃(𝐴 = 1), as required. 

 

(ii) 1st part 

𝑃(𝑆 = 2) = 𝑃(𝐻𝐻𝑇) + 𝑃(𝑇𝑇𝐻)  

= 𝑝2𝑞 + 𝑞2𝑝 = 𝑝𝑞(𝑝 + 𝑞) = 𝑝𝑞  

And  𝑃(𝐴 = 2) = 𝑃(𝐻𝑇𝑇) + 𝑃(𝑇𝐻𝐻) 

= 𝑝𝑞2 + 𝑞𝑝2 = 𝑝𝑞(𝑞 + 𝑝) = 𝑝𝑞  

Thus 𝑃(𝑆 = 2) = 𝑃(𝐴 = 2), as required. 

2nd part 

𝑃(𝑆 = 3) = 𝑃(𝐻𝐻𝐻𝑇) + 𝑃(𝑇𝑇𝑇𝐻)  

= 𝑝3𝑞 + 𝑞3𝑝 = 𝑝𝑞(𝑝2 + 𝑞2)  

And 𝑃(𝐴 = 3) = 𝑃(𝐻𝑇𝐻𝐻) + 𝑃(𝑇𝐻𝑇𝑇)  
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= 𝑝𝑞𝑝2 + 𝑞𝑝𝑞2 = 𝑝𝑞(𝑝2 + 𝑞2)  

Thus 𝑃(𝑆 = 3) = 𝑃(𝐴 = 3). 

 

(iii) 1st part 

𝑃(𝑆 = 2𝑛) = 𝑃(𝐻𝐻𝐻𝐻 … [2𝑛 𝑡𝑖𝑚𝑒𝑠]𝑇)  

+𝑃(𝑇𝑇𝑇𝑇 … [2𝑛 𝑡𝑖𝑚𝑒𝑠]𝐻)  

= 𝑝2𝑛𝑞 + 𝑞2𝑛𝑝  

And 𝑃(𝐴 = 2𝑛) = 𝑃(𝐻𝑇𝐻𝑇 … [2𝑛 𝑖𝑡𝑒𝑚𝑠]𝑇) 

+𝑃(𝑇𝐻𝑇𝐻 … [2𝑛 𝑖𝑡𝑒𝑚𝑠]𝐻)  

= (𝑝𝑞)𝑛𝑞 + (𝑞𝑝)𝑛𝑝  

Then 𝑃(𝑆 = 2𝑛) − 𝑃(𝐴 = 2𝑛) 

= 𝑝2𝑛𝑞 + 𝑞2𝑛𝑝 − (𝑝𝑞)𝑛𝑞 − (𝑞𝑝)𝑛𝑝  

= 𝑝𝑛𝑞(𝑝𝑛 − 𝑞𝑛) + 𝑞𝑛𝑝(𝑞𝑛 − 𝑝𝑛)  

= (𝑝𝑛 − 𝑞𝑛)(𝑝𝑛𝑞 − 𝑞𝑛𝑝)  

= (𝑝𝑛 − 𝑞𝑛)𝑝𝑞(𝑝𝑛−1 − 𝑞𝑛−1)  (A) 

If 𝑛 = 2, (A) = (𝑝2 − 𝑞2)𝑝𝑞(𝑝 − 𝑞) 

= (𝑝 − 𝑞)2(𝑝 + 𝑞)𝑝𝑞 > 0, as (𝑝 − 𝑞)2 > 0 (as 𝑝 ≠ 𝑞) 

If 𝑛 > 2, (A) = (𝑝 − 𝑞)(𝑝𝑛−1 + 𝑞𝑝𝑛−2 + ⋯ + 𝑞𝑛−1)𝑝𝑞  

                            . (𝑝 − 𝑞)(𝑝𝑛−2 + 𝑞𝑝𝑛−3 + ⋯ + 𝑞𝑛−2) > 0, similarly.  

so that 𝑃(𝑆 = 2𝑛) > 𝑃(𝐴 = 2𝑛) (for 𝑛 > 1), as required. 

2nd part 

𝑃(𝑆 = 2𝑛 + 1) = 𝑃(𝐻𝐻𝐻𝐻 … [2𝑛 + 1 𝑡𝑖𝑚𝑒𝑠]𝑇)  

+𝑃(𝑇𝑇𝑇𝑇 … [2𝑛 + 1 𝑡𝑖𝑚𝑒𝑠]𝐻)  
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= 𝑝2𝑛+1𝑞 + 𝑞2𝑛+1𝑝  

And 𝑃(𝐴 = 2𝑛 + 1) = 𝑃(𝐻𝑇𝐻𝑇 … 𝐻[2𝑛 + 1 𝑖𝑡𝑒𝑚𝑠]𝐻) 

+𝑃(𝑇𝐻𝑇𝐻 … 𝑇[2𝑛 + 1 𝑖𝑡𝑒𝑚𝑠]𝑇)  

= (𝑝𝑞)𝑛𝑝2 + (𝑞𝑝)𝑛𝑞2  

Then 𝑃(𝑆 = 2𝑛 + 1) − 𝑃(𝐴 = 2𝑛 + 1) 

= 𝑝2𝑛+1𝑞 + 𝑞2𝑛+1𝑝 − (𝑝𝑞)𝑛𝑝2 − (𝑞𝑝)𝑛𝑞2  

= 𝑝𝑛+2𝑞(𝑝𝑛−1 − 𝑞𝑛−1) + 𝑞𝑛+2𝑝(𝑞𝑛−1 − 𝑝𝑛−1)  

= 𝑝𝑞(𝑝𝑛+1 − 𝑞𝑛+1)(𝑝𝑛−1 − 𝑞𝑛−1) > 0, by the same reasoning.    

Thus,  𝑃(𝑆 = 2𝑛 + 1) > 𝑃(𝐴 = 2𝑛 + 1)  for 𝑛 > 1. 


