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STEP 2013, Paper 2, Q13 - Sol'n (3 pages; 11/6/20)
(i) 1st part

P(A = 1) = P(1st throw is H)P(2nd throw is H)
+P(1st throw is T)P(2nd throw is T)

= p? + ¢

2nd part

P(S = 1) = P(1st throw is H)P(2nd throw is T)
+P(1st throw is T)P(2nd throw is H)

= 2pq

3rd part
PA=1)-PE=1)=p*+q¢°-2pq=(p—q)*>0,asp#q
SoP(§ =1) < P(A = 1), as required.

(ii) 1st part

P(S = 2) = P(HHT) + P(TTH)
=p*q+q°p =pq(p +q) =pq

And P(A = 2) = P(HTT) + P(THH)

= pq® + qp* = pq(q +p) = pq

Thus P(S = 2) = P(A = 2), as required.
2nd part

P(S = 3) = P(HHHT) + P(TTTH)
=p°q + q°p = pq(p* + q°)

And P(A = 3) = P(HTHH) + P(THTT)

1



fmng.uk

= pqp* + qrq® = pq(p* + q*)
Thus P(S = 3) = P(4 = 3).

(iii) 1st part

P(S = 2n) = P(HHHH ...[2n times]T)

+P(TTTT ...[2n times|H)

=p"q+q*"p

And P(A = 2n) = P(HTHT ...[2n items]T)

+P(THTH ...[2n items|H)

= (p9)"q + (gp)"p

Then P(S = 2n) — P(A = 2n)

=p*"q+q*"p — (p)"q — (qP)"p

=p"q(™" —q") +q"p(q" —p™)

=@"—-qM®"q—q"p)

=(@"—qMpq(@e" "t —q") (A)

Ifn=2,(A)=(*>-q*)pq@® -9

=(@-9’@+qpg>0as(@—-q)?>0(sp*q)

Ifn>2A)=@-@" " +qp" 7+ +q" pgq
(=@ 2+ qp™* 3+ -+ q" %) > 0, similarly.

so that P(S = 2n) > P(A = 2n) (forn > 1), as required.

2nd part

P(S =2n+1) = P(HHHH ...[2n + 1 times]T)

+P(TTTT ...[2n + 1 times]H)
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— p2n+1q + q2n+1p

And P(A=2n+1) = P(HTHT ...H[2n + 1 items]|H)
+P(THTH ...T[2n + 1 items]T)

= (p@)"p* + (qp)"q°
ThenP(S=2n+1)—PA=2n+1)

2n+1

q+q*™"p — (p)"p* — (qp)"q*
— pn+2q(pn—1 _ qn—l) + qn+2p(qn—1 _ pn—l)

=pq(™* — ¢"* (P — ¢ 1) > 0, by the same reasoning.

=Db

Thus, P(S=2n+1)>P(A=2n+1) forn > 1.



