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STEP 2007, Paper 3, Q3 - Solution (2 pages; 31/5/18)
(i) 2,3,5,8,13,21

(i) Fok+3Foks1 — F2ok2 = (Faks1 + Fors2)Fakr1 — F2 k42

= F?ypi1 + Forro(Fogs1 — Fogi2)

= F22k+1 - F2k+2(F2k+z - F2k+1)

= —Fyp42F + F?541, as required

(iii) Forn = 1: LHS = F3F, — F,* = (2)(1) — 12 = 1;
so the resultis true forn = 1

Now assume that the result is true for n = k,

so that FppiqFpp_q — For” =1 (A)

We want to show that Fyiqy41Fok41)-1 — Fz(k+1)2 =1 (B)
ie that Fppy3Fors1 — Faren” = 1

By (ii), LHS = —Fopy 2 For + F? 3541

[we now need to involve (A) somehow]

= —(Fa + Fare1)For + F2 o141

= —Fpi” + Fog1 (=Fak + Fogs1)

= —Fo” + Fppq1For-1 = 1 , by (A)

So we have shown that, if the result is true for n = k, then it is
true for n = k + 1. Then, as it is true for n = 1, it is therefore true
forn = 2,3, ... and all positive integer n, by the principle of
induction.
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As F2n+1F2n—1 — anz = 1, anz + 1= FZTL+1F2TL—1 IS lelSlble by

F2n+1

(iv) From (iii), Fon41Fon—1 — Fon” = 1

= Fons1Fon-1 — (Fane1 — Fon-1)? = 1

= Fons1Fon—1 = Fons1” = Fono1® 4 2F5p41Fpp g = 1
= Fpno1” + 1= Fpn1BFpno1 — Fans1),

and is thus divisible by F,,, 1



