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Matrices – Q45: Invariant Points & Lines [H] (9/3/24)  

 

For the transformation matrix  (
𝑎 𝑐
𝑏 𝑑

) , where 𝑎, 𝑏, 𝑐 & 𝑑 are 

positive, find a relationship between the trace 𝑎 + 𝑑  and the  

determinant that must hold in order for the transformation to  

have an invariant line that doesn't pass through the Origin. 
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Solution 

Suppose that (
𝑎 𝑐
𝑏 𝑑

) (
𝑥

𝑚𝑥 + 𝑘
) = (

𝑥′
𝑚𝑥′ + 𝑘

)  for all 𝑥,  

where 𝑘 ≠ 0 

Then  𝑎𝑥 + 𝑐𝑚𝑥 + 𝑐𝑘 = 𝑥′  &  𝑏𝑥 + 𝑑𝑚𝑥 + 𝑑𝑘 = 𝑚𝑥′ + 𝑘 

and  (𝑎 + 𝑐𝑚)𝑥 + 𝑐𝑘 = 𝑥′ &  (𝑏 + 𝑑𝑚)𝑥 + (𝑑 − 1)𝑘 = 𝑚𝑥′ 

Multiplying the 1st equation by 𝑚  and equating the two 

expressions for 𝑚𝑥′ gives: 

𝑚(𝑎 + 𝑐𝑚)𝑥 + 𝑚𝑐𝑘 =  (𝑏 + 𝑑𝑚)𝑥 + (𝑑 − 1)𝑘  

As this is to hold for all 𝑥, we can equate the coefficients of 𝑥 , to 

give: 

𝑚(𝑎 + 𝑐𝑚) = 𝑏 + 𝑑𝑚  &  𝑚𝑐𝑘 = (𝑑 − 1)𝑘    (1) 

Thus, as 𝑘 & 𝑐 ≠ 0, 

𝑐𝑚2 + (𝑎 − 𝑑)𝑚 − 𝑏 = 0   &  𝑚 =
𝑑−1

𝑐
 , 

and hence 𝑐 (
𝑑−1

𝑐
)

2
+ (𝑎 − 𝑑) (

𝑑−1

𝑐
) − 𝑏 = 0, 

so that (𝑑 − 1)2 + (𝑎 − 𝑑)(𝑑 − 1) − 𝑏𝑐 = 0 

and  (𝑑 − 1)(𝑑 − 1 + 𝑎 − 𝑑) − 𝑏𝑐 = 0, 

giving (𝑑 − 1)(𝑎 − 1) − 𝑏𝑐 = 0 

and hence 𝑎𝑑 − 𝑏𝑐 − (𝑎 + 𝑑) + 1 = 0 

or  𝑡𝑟𝑎𝑐𝑒 = 𝑑𝑒𝑡 + 1 


