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Integration Q1: Improper Integrals (21/11/23) 

 

Find the values of the following integrals, or show that they are 

not defined. 

(i) ∫
1

𝑥2 𝑑𝑥
∞

−2
   

(ii) ∫ 𝑒2𝑥 𝑑𝑥
−

1

2
−∞

   

(iii) ∫ 𝑥−
2

3 𝑑𝑥
1

0
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Solution 

(i) ∫
1

𝑥2 𝑑𝑥
∞

−2
= lim

𝑎→0−
∫

1

𝑥2  𝑑𝑥
𝑎

−2
+ lim

𝑏→0+

𝑐→∞

∫
1

𝑥2  𝑑𝑥
𝑐

𝑏
    

= lim
𝑎→0−

[−
1

𝑥
]

𝑎
−2

+ lim
𝑏→0+

𝑐→∞

[−
1

𝑥
]
𝑐
𝑏

    

which is undefined, as 
1

𝑎
  is undefined as 𝑎 → 0−   

(and similarly for 𝑏) 

 

(ii) ∫ 𝑒2𝑥 𝑑𝑥 = lim
𝑎→−∞

∫ 𝑒2𝑥 𝑑𝑥
−

1

2
𝑎

−
1

2
−∞

    

= lim
𝑎→−∞

[
1

2
𝑒2𝑥]−

1

2
𝑎

    ] 

= lim
𝑎→−∞

1

2
(𝑒−1 − 𝑒2𝑎)    

=
1

2𝑒
   

 

(iii) ∫ 𝑥−
2

3 𝑑𝑥
1

0
= lim

𝑎→0+
∫ 𝑥−

2

3 𝑑𝑥
1

𝑎
   

= lim
𝑎→0+

[3𝑥
1

3]
1
𝑎

= lim
𝑎→0+

(3 − 3𝑎
1

3)  

= 3  


