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Hyperbolic Functions – Q12 [Practice/M](17/6/23) 

 

Show that  𝑎𝑟𝑐𝑜𝑡ℎ𝑥 =
1

2
𝑙𝑛 (

1+𝑥

𝑥−1
)    (|𝑥| > 1)  
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Solution 

If  𝑦 = 𝑎𝑟𝑐𝑜𝑡ℎ𝑥, then 𝑐𝑜𝑡ℎ𝑦 = 𝑥     (|𝑥| > 1) 

⇒ 𝑥 =
1

2
(𝑒𝑦+𝑒−𝑦)

1

2
(𝑒𝑦−𝑒−𝑦)

=
𝑒2𝑦+1

𝑒2𝑦−1
  

⇒ 𝑥(𝑒2𝑦 − 1) = 𝑒2𝑦 + 1  

⇒ 𝑒2𝑦(𝑥 − 1) = 1 + 𝑥  

⇒ 𝑒2𝑦 =
1+𝑥

𝑥−1
  

⇒ 𝑦 =
1

2
ln (

1+𝑥

𝑥−1
)   (|𝑥| > 1) 

 

Alternative Method  

If 𝑎𝑟𝑡𝑎𝑛ℎ𝑥 =
1

2
ln (

1+𝑥

1−𝑥
)    (|𝑥| < 1) has been established: 

If  𝑦 = 𝑎𝑟𝑐𝑜𝑡ℎ𝑥, then 𝑐𝑜𝑡ℎ𝑦 = 𝑥      

⇒ 𝑡𝑎𝑛ℎ𝑦 =
1

𝑥
 , 

and hence   𝑦 = 𝑎𝑟𝑡𝑎𝑛ℎ (
1

𝑥
) =

1

2
𝑙𝑛 (

1+
1

𝑥

1−
1

𝑥

) =
1

2
𝑙𝑛 (

𝑥+1

𝑥−1
) 

 

 

 


