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Hyperbolic Functions – Q1 [Practice/E] (16/6/23)  

 

(i) Prove, using exponential functions, that 

(a)  𝑐𝑜𝑠ℎ2𝑥 − 𝑠𝑖𝑛ℎ2𝑥 = 1      

(b)  𝑠𝑖𝑛ℎ2𝑥 = 2𝑠𝑖𝑛ℎ𝑥𝑐𝑜𝑠ℎ𝑥        

(ii) By differentiating the result from (i)(b), obtain an expression 

for  𝑐𝑜𝑠ℎ2𝑥  in terms of 𝑐𝑜𝑠ℎ2𝑥  and  𝑠𝑖𝑛ℎ2𝑥   
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Solution 

(i)(a) As 𝑐𝑜𝑠ℎ𝑥 =
1

2
(𝑒𝑥 + 𝑒−𝑥) &  𝑠𝑖𝑛ℎ𝑥 =

1

2
(𝑒𝑥 − 𝑒−𝑥), 

𝑐𝑜𝑠ℎ2𝑥 − 𝑠𝑖𝑛ℎ2𝑥 = (𝑐𝑜𝑠ℎ𝑥 + 𝑠𝑖𝑛ℎ𝑥)(𝑐𝑜𝑠ℎ𝑥 − 𝑠𝑖𝑛ℎ𝑥)  

= 𝑒𝑥 . 𝑒−𝑥 = 1  

(b) 2𝑠𝑖𝑛ℎ𝑥𝑐𝑜𝑠ℎ𝑥 = 2(
1

2
)(𝑒𝑥 − 𝑒−𝑥)(

1

2
)(𝑒𝑥 + 𝑒−𝑥) 

=
1

2
(𝑒2𝑥 − 𝑒−2𝑥) = 𝑠𝑖𝑛ℎ2𝑥  ( by difference of 2 squares) 

(ii) Differentiating  𝑠𝑖𝑛ℎ2𝑥 = 2𝑠𝑖𝑛ℎ𝑥𝑐𝑜𝑠ℎ𝑥   gives 

2𝑐𝑜𝑠ℎ2𝑥 = 2𝑐𝑜𝑠ℎ𝑥𝑐𝑜𝑠ℎ𝑥 + 2𝑠𝑖𝑛ℎ𝑥𝑠𝑖𝑛ℎ𝑥  

⇒ 𝑐𝑜𝑠ℎ2𝑥 = 𝑐𝑜𝑠ℎ2𝑥 + 𝑠𝑖𝑛ℎ2𝑥  

 


