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Exam Boards  

OCR : - 

MEI:  - 

AQA: - 

Edx: Further Pure 1 (Year 2) 

 

  



2 
 

The chord 𝑃𝑄, where 𝑃 and 𝑄 are points on the rectangular 

hyperbola 𝑥𝑦 = 𝑐2, has gradient 1. Show that the locus of the 

point of intersection of the tangents from 𝑃 and 𝑄 is the line 

 𝑦 = −𝑥.  

  



3 
 

Solution 

Let 𝑃 & 𝑄 be the points (𝑐𝑡1,
𝑐

𝑡1
) & (𝑐𝑡2,

𝑐

𝑡2
), respectively. 

As the gradient of 𝑃𝑄 is 1, 

𝑐

𝑡2
−

𝑐

𝑡1

𝑐𝑡2−𝑐𝑡1
= 1 ,   [1 mark] 

so that  
1

𝑡2
−

1

𝑡1
= 𝑡2 − 𝑡1  

⇒
𝑡1−𝑡2

𝑡1𝑡2
= 𝑡2 − 𝑡1  

⇒ 𝑡1𝑡2 = −1, as 𝑡1 ≠ 𝑡2 (𝑃 & 𝑄 being distinct points) [2 marks] 

The equation of the tangent from 𝑃 is: 

𝑦−
𝑐

𝑡1

𝑥−𝑐𝑡1
=

𝑑𝑦
𝑑𝑡⁄

𝑑𝑥
𝑑𝑡⁄

|𝑡 = 𝑡1 , where 𝑥 = 𝑐𝑡  & 𝑦 =
𝑐

𝑡
 

so that  
𝑑𝑦

𝑑𝑡
⁄ = −

𝑐

𝑡2  &  𝑑𝑥
𝑑𝑡⁄ = 𝑐  

and the equation of the tangent from 𝑃 is 

𝑦−
𝑐

𝑡1

𝑥−𝑐𝑡1
=

(−
𝑐

𝑡1
2)

𝑐
⇒ 𝑡1

2𝑦 − 𝑡1𝑐 = −(𝑥 − 𝑐𝑡1) 

⇒ 𝑡1
2𝑦 = −𝑥 + 2𝑐𝑡1   (1)  [3 marks] 

Similarly, the equation of the tangent from 𝑄 is  𝑡2
2𝑦 = −𝑥 + 2𝑐𝑡2 

and these lines intersect where  

𝑡1
2𝑦 − 2𝑐𝑡1 = 𝑡2

2𝑦 − 2𝑐𝑡2 ,    [1 mark] 

so that  𝑦(𝑡1
2 − 𝑡2

2) = 2𝑐(𝑡1 − 𝑡2) 

and 𝑦 =
2𝑐

𝑡1+𝑡2
   (as 𝑡1 ≠ 𝑡2)  [1 mark] 

Then, from (1),  𝑥 = 2𝑐𝑡1 −
2𝑐𝑡1

2

𝑡1+𝑡2
 

=
2𝑐𝑡1

2+2𝑐𝑡1𝑡2−2𝑐𝑡1
2

𝑡1+𝑡2
  

=
2𝑐𝑡1𝑡2

𝑡1+𝑡2
  [2 marks] 
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and so  
𝑦

𝑥
=

1

𝑡1𝑡2
= −1  (found earlier), 

and thus the points of intersection satisfy 𝑦 = −𝑥,  as required. 

[1 mark] 

 


