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Hyperbolas - Q2 [10 marks](26/5/21) 
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(i) Given that the tangent to the hyperbola  
𝑥2

𝑎2 −
𝑦2

𝑏2 = 1 at the 

point  (𝑎𝑐𝑜𝑠ℎ𝑡, 𝑏𝑠𝑖𝑛ℎ𝑡) (with equation  𝑦𝑎𝑠𝑖𝑛ℎ𝑡 = 𝑥𝑏𝑐𝑜𝑠ℎ𝑡 −

𝑎𝑏) meets the asymptotes of the hyperbola at the points 𝑃 & 𝑄, 

show that the mid-point of 𝑃 and 𝑄 is (𝑎𝑐𝑜𝑠ℎ𝑡, 𝑏𝑠𝑖𝑛ℎ𝑡). [6 marks] 

(ii) In the case where 𝑏 = 𝑎, find the area of the triangle 𝑂𝑃𝑄 

(where 𝑂 is the Origin). [4 marks] 
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Solution 

(i) The asymptotes of the hyperbola are 𝑦 = ±
𝑏

𝑎
𝑥 [1 mark] 

The tangent to the hyperbola at (𝑎𝑐𝑜𝑠ℎ𝑡, 𝑏𝑠𝑖𝑛ℎ𝑡) meets the 

asymptote 𝑦 =
𝑏

𝑎
𝑥  at 𝑃 (say), where  𝑏𝑥𝑠𝑖𝑛ℎ𝑡 = 𝑥𝑏𝑐𝑜𝑠ℎ𝑡 − 𝑎𝑏   

[1 mark] 

and the asymptote  𝑦 = −
𝑏

𝑎
𝑥  at 𝑄 where 

 −𝑏𝑥𝑠𝑖𝑛ℎ𝑡 = 𝑥𝑏𝑐𝑜𝑠ℎ𝑡 − 𝑎𝑏  [1 mark] 

so that 𝑃 is the point  (
𝑎

𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡
 ,

𝑏

𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡
)  [1 mark] 

and 𝑄 is the point  (
𝑎

𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡
 ,

−𝑏

𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡
)  [1 mark] 

The mid-point of 𝑃 & 𝑄 is therefore 

(
1

2
[

𝑎

𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡
+

𝑎

𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡
] ,

1

2
[

𝑏

𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡
+

−𝑏

𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡
])  

= (
𝑎𝑐𝑜𝑠ℎ𝑡

𝑐𝑜𝑠ℎ2𝑡−𝑠𝑖𝑛ℎ2𝑡
,

𝑏𝑠𝑖𝑛ℎ𝑡

𝑐𝑜𝑠ℎ2𝑡−𝑠𝑖𝑛ℎ2𝑡
) = (𝑎𝑐𝑜𝑠ℎ𝑡, 𝑏𝑠𝑖𝑛ℎ𝑡) , as required. 

[1 mark] 

 

(ii) The two asymptotes are at right angles to each other, so that 

the required area,  𝐴 =
1

2
𝑂𝑃. 𝑂𝑄 [1 mark] 

Then 4𝐴2 = ((
𝑎

𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡
)

𝟐
+ (

𝑎

𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡
)

𝟐
)  
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× ((
𝑎

𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡
)

𝟐
+ (

−𝑎

𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡
)

𝟐
)   [1 mark] 

= (
2𝑎2

(𝑐𝑜𝑠ℎ𝑡−𝑠𝑖𝑛ℎ𝑡)2) (
2𝑎2

(𝑐𝑜𝑠ℎ𝑡+𝑠𝑖𝑛ℎ𝑡)2) [1 mark] 

=
4𝑎4

(𝑐𝑜𝑠ℎ2𝑡−𝑠𝑖𝑛ℎ2𝑡)2 = 4𝑎4  

and therefore 𝐴 = 𝑎2  [1 mark] 


