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Ellipses - Exercises (Solutions) (3 pages; 18/8/19)
(1) Show that the equation of the tangent to the ellipse

X2 y? _ YY1 XXy
— +57 = latthe point (xy,y,)is=5+— =1

Solution
. . ) 2x 2y dy dy xb?
Differentiating gives — + —= — =0, so that — = ——
&8 a? b2 dx ’ dx ya?
Then the t tat ( )is L% = _Fab
en the tangentat (xq,y;) is —— = >
1 yia
or yy,a? — y;%a? = —xx,;b? + x,2b?
2 xx X412
and hence 222 -2 = X1, %1
b2 b2 a? a?
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XX X
or YY1 + 1_% + Y1

b2 a? a? b2
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As (x4, y,) lies on the ellipse, % + 3;% =1,

so we have y—? + x—le = 1 as the equation of the tangent.
b a

2 2
(2) Given the ellipse % + % =1 and circle x? + y2 = a?,let [,

be the tangent to the ellipse at the point (acos@, bsinf) and [, be
the tangent to the circle at the point (acos8, asinf). Find the locus
of the point of intersection of [; & [,, as 8 varies.

Solution

d
y—bsin6 y/dg __ bcost
x—acos® dx/de "~ —asin®

The equation of [; is

y—asing dy/dg __acos6

The equation of [, is = =
q 272 x_acosd dx/de —asiné
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At the intersection of [; & [,,

—asin®
bcos@

X —acosf = (y — bsin@) from (1)
—sin6 .
and x — acos = — (y — asin@) from (2),
so that (%) (y — bsinf) = y — asinf
= ay — absinf@ = by — absinf
= y = 0, as a # b (otherwise the ellipse would be a circle)

asin?0

Then, from (2), x — acosf =

cosf ’

so that xcosf = acos?0 + asin?60 = a, and thus x = —

As —1 < cosf < 1, x can take values in the range
(—OO, _a] & [CL, OO)

Thus the required locus is the set of points on the x-axis in the
above range.

2
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(3) Show that the area within the ellipse % + i—z = lismab

Solution

Area=4f0ab /1—2—2 dx

Let x = asin®, so that dx = acos6 db

Then Area = 4b [ cos. acosf db

= 2ab 21 + cos26 df
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= 2ab[6 + %SinZH]

onNnis

= 2ab (g) = mab



