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Differential Equations – Q2 [Practice/E](12/7/21)  
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Solve 𝑠𝑖𝑛𝑥
𝑑𝑦

𝑑𝑥
+ 𝑠𝑒𝑐𝑥. 𝑦 = 𝑐𝑜𝑠𝑥 
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Solution 

Before we find an integrating factor, can we rearrange the LHS 

into the form 𝑃(𝑥)
𝑑𝑦

𝑑𝑥
+ 𝑃′(𝑥)𝑦? 

Dividing through by 𝑐𝑜𝑠𝑥 gives  

𝑡𝑎𝑛𝑥
𝑑𝑦

𝑑𝑥
+ 𝑠𝑒𝑐2𝑥. 𝑦 = 1, 

so that 
𝑑

𝑑𝑥
(𝑦𝑡𝑎𝑛𝑥) = 1 

and hence  𝑦𝑡𝑎𝑛𝑥 = 𝑥 + 𝐶, 

so that 𝑦 = (𝑥 + 𝐶)𝑐𝑜𝑡𝑥 

 

Note: Finding the IF here is quite time-consuming: 

First of all, 
𝑑𝑦

𝑑𝑥
+

1

𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥
. 𝑦 = 𝑐𝑜𝑡𝑥 

Then IF = exp⁡{∫
1

𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥
𝑑𝑥} 

𝐼 = ∫
1

𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥
𝑑𝑥 = 2∫

1

𝑠𝑖𝑛2𝑥
𝑑𝑥  

= 2∫
𝑠𝑖𝑛2𝑥

𝑠𝑖𝑛22𝑥
𝑑𝑥 = 2∫

𝑠𝑖𝑛2𝑥

1−𝑐𝑜𝑠22𝑥
𝑑𝑥  

Let 𝑢 = 𝑐𝑜𝑠2𝑥, so that 𝑑𝑢 = −2𝑠𝑖𝑛2𝑥⁡𝑑𝑥 

and 𝐼 = −∫
1

1−𝑢2 ⁡𝑑𝑢 = −
1

2
∫

1

1−𝑢
+

1

1+𝑢
⁡𝑑𝑢 

= −
1

2
{− ln|1 − 𝑢| + ln|1 + 𝑢|}  

=
1

2
ln |

1−𝑢

1+𝑢
| =

1

2
ln⁡ |

1−𝑐𝑜𝑠2𝑥

1+𝑐𝑜𝑠2𝑥
|  

=
1

2
ln |

2𝑠𝑖𝑛2𝑥

2𝑐𝑜𝑠2𝑥
| =

1

2
ln(𝑡𝑎𝑛2𝑥) = ln⁡ |𝑡𝑎𝑛𝑥|  

So  𝐼𝐹 = exp{ln|𝑡𝑎𝑛𝑥|} = 𝑡𝑎𝑛𝑥  


