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Curve Sketching - Exercises (Sol'ns)(9 pages; 12/8/19)

1) Sketch the graphof Vx2 —2x+1 for0<x <2
grap

Solution: (see sketch below)

For0<x<1Vx?2-2x+1=,/(x—-1)2=/(1—-x)2=1—x
Forl<x<2Vx2-2x+1=,/(x—-1)%2=x-1

(2) (i) What possible shapes might a cubic have (ignoring its
position relative to the axes)?
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A, B & C have 2, 1 & 0 stationary points respectively. These are for
cases where the coefficient of x3 is positive; so inverted shapes
are also possible.

(ii) How many stationary points does the cubic function,

f(x) =x3+x% —2x + 3 have?

fl(x) =3x%+2x—2
To find the number of solutions to f'(x) = 0,
consider the discriminant: 22 — 4(3)(=2) > 0

Thus there are 2 stationary points.

(iii) What is the condition for there to be 2 stationary points for
the general cubic f(x) = ax3 + bx? + cx + d?

2sol'nsof f'(x) =3ax?>+2bx+c =0
= (2b)? —4(Ba)c >0

= b% —3ac >0

(iv) For f(x) = ax® + bx? 4+ cx + d, find the x-coordinate of any
turning points of the gradient.

For a stationary point of the gradient, we want % (f'(x)) = 0; ie
f'"(x)=0:
f'(x) =3ax?+ 2bx + ¢



f"(x) = 6ax + 2b

17 _ __i
f'x)=0=>x= o
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2
And % (f'(x)) = f""'(x) = 6a > 0, so that the stationary point is

a minimum (ie it is a turning point).

A turning point of the gradient is the definition of a point of
inflexion (or inflection).

Thus, all cubics have one point of inflexion. They can be shown to

have rotational symmetry about this point.

If the cubic has turning points, how could they be used to find the

point of inflexion?

By symmetry, the coordinates of the point of inflexion will be

halfway between those of the turning points.

(v) For f(x) = ax3®+ bx? + cx + d, find conditions for the shape

of the curve to be each of the 3 possibilities shown in (i), by
considering the gradient at the point of inflexion.

b b%2  2b? b2
o] G [
3a 3a 3a 3a

Diagram (A): Either (i) a > 0 & f' (—i) <0

3a
. ) b
or(ila<0&f (—5) > 0
(i):3ac — b? < 0 © b%? — 3ac > 0 [agreeing with part (iii)]

(ii): 3ac — b? < 0 also

Diagram (B): Stationary point of inflexion & f' (— i) =0

3a

& b2 —3ac=0
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Diagram (C): Either (i) a > 0 & f ( ) >0

or (ii) a < O&f’(—i) <0,

3a

so that b> —3ac <0

(3) Sketch y =[x — 2| + 1

Solution

Method 1

Case () x—22=0
y=|lx—-2+1=(x-2)+1=x—1 forx =2
Case (i) x—2<0
y=lx-2|+1=-(x—-2)+1=3—-x forx <2
(The two lines will meet when x = 2,y = 1)
Method 2

Informally, y = |x — 2| + 1 will behave similarly to y =
(x — 2)? + 1, and will have a minimum at (2,1)

fmng.uk



fmng.uk
4x?%+5x+7

2x+3

(4)(i) Sketch the curve y =

(ii) Without using calculus, find the coordinates of the
stationary points (to 3sf).

Solution
(i)Stepl:x=O=>y=§;
4x%> +5x+7 =4(x + g)z - i—i + 7 > 0, so that there are no

intersections with the x-axis

Step 2: vertical asymptote when2x +3 =0 = x = —%
x=—§+6(5>0issmall)=>y=$;iey>0
x=—§—6 =>y=§;iey<0

245
Step 3: To find lim 227,
x—oo  2x+3

3 3

4x245x+7  4Ax% +6x @ —-x+7 -x+5  —>+7
2x+3 2x+3 2x+3 2x+3 2x+3
1 11
=2x—=-+ @)
2 2(2x+3)
. 4x%45x+7 1
So lim ——— = 2x — =
X—00 2x+3 2

ie there is an oblique asymptote of y = 2x — %

(also approached as x = —o0)

1 1
and, from (*),as x = oo,y > Zx—z,andasx—> —00,y < 2x—5

7
. 4x%+45x+7 . AX+5t+- 4x+5 5
[Note: We can't say lim ———— = lim £ = = 2x + 3

X—00 2x+3 X— 00 2+% 2
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(ii) To find the stationary points, consider the values of x for

4x245x+7

which = k has repeated roots;
2x+3

Then 4x2 + 5x + 7 = k(2x + 3)
and 4x2 + x(5—-2k) +7 -3k =0,

with repeated roots occurring when the discriminant is zero,
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so that (5 — 2k)? —16(7 —3k) =0
= 4k2 + k(=20 + 48) + 25 — 112 = 0
ie4k?+28k—87=0

o = 228 2828‘4(4)(‘87) = 2.33095 or —9.33095

. . —(5-2k
The corresponding x-coordinates are ( . ) ;

ie —0.042263 and —2.95774

So there is a local minimum at (—0.0423,2.33) and a local
maximum at (—2.96,—-9.33) (3sf).

(5)(i) Find a series of transformations that can be applied to y =

> to produce y = 222
x p Y= 6x—1"

. : 3x—2
(ii) Hence or otherwise, sketch the curve y = -

Solution

1 3
3x—2 _3x—3—3 1 3 1

(1) 6x—1  6x—1 2 12 x__%)

So a possible series of transformations is:

1

a translation of <E>, followed by
0

a stretch of scale factor % in the y-direction, followed by

a reflection in the x-axis, followed by

0
a translation of <1>
2
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1 3( 1 1 1 . .
[Note: = — — <—1> =5 .z,s0an alternative series of
x__
3

transformations is:

2
a translation of (5) [i - LZ] followed by
0 73

3

1 1
a stretch of scale factor —in the x-direction [— — F]’ followed
X—E X—E

0
by a reflection in the x-axis, followed by a translation of (1)
2

Alternatively, —; could be obtained instead by a stretch of scale
4x—
3

: .11 1,
factor = L in the x-direction [; - E] (or a stretch of scale factor L in

the y-direction

1
> i(i)]), followed by a translation of <E> [ﬁ -

X

(ii) As an alternative to performing the transformations in (i):
Stepl:x=0=>y=2;y=0=>x=§

Step 2: vertical asymptote when 6x — 1 =0 = x = %

1 . _3x—2_:..
x—g+6(6>0155mall):y—6x_1—+,1ey<0

x=%—5=>y=5;iey>0
~2 : 3-% 3 1
Step 3: lim 222 = hm—1=g=5(andalsoasx—>—oo)

x—o00 6X—1 X—00 6—;

Step 4: When x = 100y—ﬁ<— sothaty—>% asx = o«
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and when x = —100,y=m>5,sothaty—>5 as x —» —oo
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