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Vectors - Shortest distances (14 pages; 4/8/18)

(1) Shortest distance from a point to a plane

(See "Vectors - Planes" to convert between the scalar product and
parametric forms of the equation of a plane, if necessary.)

Method 1

Example 1

1
Point, P is <2> ; plane has equation 4x + 3y — 12z = 26 (*)
3

The position vector of the point in the plane at the shortest
distance from P is:

1 4 4
(2) + A ( 3 ) for some A (to be determined), as ( 3 > is the
3 —-12 —12

direction vector normal to the plane.

Since this point lies in the plane, it satisfies (*);

hence 4(1+ 44) +3(2 +31) —12(3 —124) =26 (**)

giving A = 113

The shortest distance is the distance travelled from P to the plane,

4
along the direction vector ( 3 >; ie P = % (13) = 4

: ( : )
. 3
—12 —12

4

[Note: Had the direction vector been taken as — ( 3 >, then we
—12

would have 4 = — % and the shortest distance would be given as

]

4
| =3I

)
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(Alternatively, the point in the plane can be written as

1 4 4
(2) + i( 3 ), where 1—2( 3 ) is a unit vector, and u is found

3/ P\-12 ~12
to be 4. Then the distance is just 4, as the point in the plane is 4
lots of the unit vector away from P.]

Example 2

In the special case where P is the origin O (and the plane has
equation 4x + 3y — 12z = 26 as before), (**) becomes

4(42) + 3(32) — 12(—121) = 26

4
ie A|n|?> = 26, where n is the normal to the plane, ( 3 )
—12

As before, the shortest distance from O to the plane is

ol = =2 =2

n| 13
Alternatively, if the equation of the plane is given in 'normalised’
form (ie the direction vector has unit magnitude; the word
'normal’ being used here in a different sense to that of the normal

to a plane);

: 3 2 : e
ie %x t Y- %z = 2, then the distance required is simply the

right-hand side of the equation.

Method 2

Using the above example, we can find the equation of the plane

1
parallelto 4x + 3y — 12z = 26 and passing through (2)
3

2
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The equation of the parallel plane will be

4x + 3y — 12z =4(1) + 3(2) —12(3)
ie 4x + 3y — 12z = —-26

From the special case of the Origin in Method 1, the distance

between the two planes (and hence between the point and the
lane) is 26020 32 _y
P V42+324(-12)2 13

Note: This method gives rise to the standard formula:

|nip1+npa+n3zpz—d|
\/n12+n22+n32

P1
, as the shortest distance from the point (Pz)
P3
to the plane nyx + ny,y + nyz =d

[In this example, |n;p; + nyp, + ngp; — d| = |(—26) — 26|
=26 — (—26)]
Method 3a

e
1
Using the same example, where P is (2) and the plane has
3

equation 4x + 3y — 12z = 26 (*),

we first of all find a point Q in the plane (as in the diagram above)

and create the vector ﬁf
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The required distance will then be the projection of P—Q) onton
|PQ.n|
In|

(the normal to the plane); namely

In this case, putting y = z = 0 (say) in (*) gives x = %, so that

13 u
Q=|¢g | and PG = 5
0 -3

Then PQ.n = () (4) + (-2)(3) + (-3)(-12) = 52

52 52
J42432+(-12)2 13

and the shortest distance =

Method 3b

With the same example, a variation on method 3a is to replace Q
with a general point R, as in the diagram below.

&

2 7
Then |PA| = |ﬁ2) ﬁ|, where 7 is a unit normal to the plane,
4 4
V16+9+144 12 13\ 1,

(the direction could be reversed)
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(2) Distance between two parallel planes

Using the method for finding the shortest distance from the Origin
to a plane (Method 1, Example 2 of "Shortest distance from a
point to a plane"), the two planes need first of all to be put into
normalised form; the constant term of each equation then gives
the distance of the plane from the origin, so that the distance
between the planes is then the difference between the constant
terms.

Example: Find the distance between the planes

3x + 4y + 12z = 13 and 3x + 4y + 12z = 39

As V32 + 42 4+ 122 = 13, the normalised equations are
1—13(3x +4y+122z) =1 and 1—13(3x +4y+122) =3

so that the distance between the planesis 3 —1 = 2
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(3) Distance between parallel lines / shortest distance from a

point to a line

Assuming that A and B are given points on the two lines, and that
d is the common direction vector:

= &
— 4

o] =
ST
%

Method 1
Let C be the point on [; with parameter k, so that c = a + kd (*)
Then we require d. (g — Q) =0

Solving this equation for k and substituting for k in (*) gives c,
and the distance between the two lines is then |¢c — b|.

Example

e {3 -]
TRCRE RS

1+3k+2
then<—1>.< —k+1 )=0—>9+9k+k—1+k+3=0

1 2+k+1
> 11k+11=0->k =-1



-2
Hence ¢ = ( 1 ) and the distance between the lines is
1

2422+ (1+1D)2+(1+1)2=+8

Method 2

1+ 3k

Having obtained the general point, C = ( —k ) on /4 in
2+k

Method 1, we can minimise the distance BC by finding the

stationary point of either BC or BC?:
BC*=(1+4+3k+2)?*+(-k+1)?+2+k+1)>
= 11k? + 22k + 19

Then = (BC?) = 22k + 22

and% (BC?) =0 = k = —1, as before

Method 3
As BC = ABsind, BC = 'Afdjﬂ'
—_— _3 —_—
In the above example, AB=<—1> and AB X d =
-3

5: -3 3 2

j -1 -1 =—4£'—6j+6@=—2< 3)

k -3 1 -3
Then BC — 2V4+9+9 _ 2+/22 ~ V3

Vo+1+1 V11
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Method 4

nib1+n,b,+nzbz;—d
I 171 2Y2 3YV3 | fOI‘the
\/n12+n22+n32

The line equivalent of the formula

shortest distance from a point to a plane (see above) gives

|nyb;+nyby—d|
Y. n12+n22

the line nyx +n,y =d

as the shortest distance from the point B(b4, b,) to

Proof

The gradient of the line is — oS , so that the unit direction vector

nz
1 T
of the line (in 3D) is d = W( Tz)l ) [X +1]

ax
LetA = (%) be any point on the line, and let C be the point on

0
b
the line nearest to the point B <b2> (as in the initial diagram).
0

Then, by Method 3, BC = |4B x d|

b; — a, —N,
(bz—ay>x<n1 )
0 0

1

Jni2+n,?
0
- ! 0

na®ng” ny(by —a,) +ny (bz

—ay)

niby+nzby—d—(n1ax+nza,—d)

Y. n12+n22

_ n1b1+n2b2—d

Jni2+n,2

. ax .
, as required (as (ay) liesonn;x + ny,y =d)
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(4) Shortest distance between two skew lines

Method 1

eg lir r=a+Ab & l: r=c+pd ; Ahasposition vector a
etc

XY is shortest distance, as it is perpendicular to both [; and [,

[To see that the above configuration is sufficiently general: given
any two skew lines, we can start by identifying the shortest
distance XY; this forces [, to be on the back face of the cuboid. [,
can then have any direction in the plane of the back face, by
changing the width and height of the cuboid.]

] ; : : ; bxd
unit vector in direction of XY is |3><5|

AE =XY ; 2CEA = 90° (as CE is in the plane of the back face of
the cuboid - because C lies on [,)



fmng.uk
So AE is the projection of ¢ — a onto the direction of XY; ie onto
bxd
|bxd]

SoXY=AE= |(c—a (bxd)

a)-xdl | (the modulus sign ensuring that the

distance is +ve).

Note 1: This method can't be used to find the distance between
two parallel lines, as |Q X g| = (0, since sinf =0

Note 2: From the formula for XY, we can deduce that two lines in
3D will intersect if (g — g). (Q X g) =0

Example 1a: To find the shortest distance between the lines

0 2 -1 7
li:r = (—2) +/1< 2 ) and l,:r = (12) +/1<—14>
0 -1 5 4

The direction normal to the two lines is

2 7 —6 2
2 —14| = <_15> ; and we can take ( 5 ) instead

—1 4 —42 14

| S~
X
|
[l
| &/ 1~ 1~

As V4 + 25 + 196 = 15, the unit vector in this direction is

= >
14
0 -1 . 2 . 1 2
We then require (—2)—(12) .1—5<5)=1—5<—14).<5>
0 5 14 -5 14

138 46

1
=—(2-70-70)=——=-=

10
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: : . 46
so that the required distance is ~ or 9.2

Method 2

Find the vector perpendicular to both b and d, as in Method 1:
n=>bxd

Then the equation of the plane with normal n, containing line [;
(ie the front face of the cuboid in Method 1) willbe r.n =a.n

Similarly the equation of the plane with normal n, containing line
[, (ie the back face of the cuboid) willbe r.n = c.n

The distance between these two planes (ie XY) is obtained by first
adjusting the equations of the planes, so that they are based on a
normal vector of unit magnitude.

Thus == === and == ===
In|  In| In|  |n|
Then XY = | % — % | [See Vectors "Distance between two

parallel planes” above.]

[Note that this method is algebraically equivalent to method 1.]

Example 1b (Lines as in 1a)

2
n _ 1
From Example 13, 15 <1S4>

Then the equations of the planes in which the front and back faces
of the cuboid in method 1 lie are

1—15(2x + 5y + 14z) = 1—15 [2(0) + 5(=2) + 14(0)] = —1—(5)

11
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28

[2(—1) +5(12) + 14(5)] = =

1 1
and 1—5(2x + 5y + 14z) = =

1

15

So the distance between the two planes, and hence between the
128—(—10) _ 138 _ 46

two lines is = — =92
15 15 5

Method 3

Referring to the earlier diagram, suppose that X and Y have

position vectors r = a + Axb & 1 = c + uyd respectively.
Then, if n is a vector normal to both b and d,
ct+uyd =a+Axb+kn ()

(ie Y is reached by travelling first to X and then along XY) and XY
will then = k|n|

(*) gives 3 simultaneous equations in A, u & k:
<C1 + ,Llyd1> <a1 + AXbl + kn1

c, + Uyd, a, + Axyb, + kn2> , from which k can be found
C3 + ,Llyd?) as + Axbg + kn3

Example 1c: (Lines as in 1a)

2
From Example 1a, n = ( 5 >
14

We need to find k such that
-1 7 0 2 2
(12)+”Y(_14>=(_2>HX( ; )+k(5>
5 4 0 -1 14

So 7ﬂy—2;{x—2k=1

12



7 -2 =2 Uy 1
or (—14 -2 =5 )(%{) = <—14)
4 1 —14 k -5

~ (,f) ~ 7(33) + 14(30) + 4(6) <_'6 _15 _42>(

_ 414
"~ 675

and XY=§><\/4+25+196=9.2

Method 4

1

—14)
-5
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As in method 3, suppose that X and Y have position vectors r =

a+Axb & r =c+ uyd respectively.

Then XY = ¢ + pyd — (a + Axb)

and XY.b =XY.d =0 (%)

Solving (*) enables Ay & uy to be determined,

from which |W| can be found

Example 1d: (Lines as in 1a)

(@) 0)

13
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-1+ 7‘LlY — ZAX

5+ 4,UY + AX
Then (14 — 14uy — ZAX)( 2 ) =0
5 +4,Lly+AX -1
and (14 — 14y, — 2/1X> . (—14) ~ 0
54+ 4uy + Ay 4

- =2+ 14uy —4Ax + 28 — 28uy —4Ax —5—4uy —1x =0
and
—7 +49uy — 145 — 196 + 196y + 2815 + 20 + 16y + 41y
=0
ie 21 —18uy —945x =0 or 7—6uy — 315, =0
and —183 + 261uy + 1815y =0 or —61 4+ 87uy + 615 =0

or (59 =)
- (g;) - —36-1I-261 (_27 —36) (217)
= 5 (baa) == (1)

. —1 4+ 7uy — 214 ) 92
Then XY = | 14 — 14uy — 2y = 230

and [XY| = - V476100 = 9.2

14



