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Trigonometry – Compound Angle Formulae 

(4 pages; 15/4/21) 

 

(1) Proof of 𝒔𝒊𝒏(𝑨 + 𝑩) = 𝒔𝒊𝒏𝑨𝒄𝒐𝒔𝑩 + 𝒄𝒐𝒔𝑨𝒔𝒊𝒏𝑩 

 

 

 

 

 

Referring to the diagram,  

the area of the large triangle can be formed in two ways:  

1

2
𝑐𝑑𝑠𝑖𝑛(𝐴 + 𝐵) =

1

2
𝑎ℎ +

1

2
𝑏ℎ  

⇒ 𝑠𝑖𝑛(𝐴 + 𝐵) =
𝑎

𝑐
.

ℎ

𝑑
+

𝑏

𝑑
.

ℎ

𝑐
= 𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 + 𝑠𝑖𝑛𝐵𝑐𝑜𝑠𝐴  

The other compound angle formulae can be derived from the 

formula for 𝑠𝑖𝑛(𝐴 + 𝐵), as follows: 

𝑠𝑖𝑛(𝐴 − 𝐵) = 𝑠𝑖𝑛(𝐴 + [−𝐵]) = 𝑠𝑖𝑛𝐴𝑐𝑜𝑠(−𝐵) + 𝑐𝑜𝑠𝐴𝑠𝑖𝑛(−𝐵)  

= 𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 − 𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵  

 

𝑐𝑜𝑠(𝐴 + 𝐵) = 𝑠𝑖𝑛(90 − [𝐴 + 𝐵]) = 𝑠𝑖𝑛([90 − 𝐴] − 𝐵)  

= 𝑠𝑖𝑛(90 − 𝐴)𝑐𝑜𝑠𝐵 − 𝑐𝑜𝑠(90 − 𝐴)𝑠𝑖𝑛𝐵  

= 𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 − 𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵  

 

𝑐𝑜𝑠(𝐴 − 𝐵) = 𝑐𝑜𝑠(𝐴 + [−𝐵]) = 𝑐𝑜𝑠𝐴𝑐𝑜𝑠(−𝐵) − 𝑠𝑖𝑛𝐴𝑠𝑖𝑛(−𝐵)  
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= 𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 + 𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵  

 

𝑡𝑎𝑛(𝐴 + 𝐵) =
𝑠𝑖𝑛(𝐴+𝐵)

𝑐𝑜𝑠(𝐴+𝐵)
=

𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵+𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵

𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵−𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵
  

=
𝑡𝑎𝑛𝐴+𝑡𝑎𝑛𝐵

1−𝑡𝑎𝑛𝐴𝑡𝑎𝑛𝐵
  (after dividing top and bottom by 𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵) 

and similarly for  𝑡𝑎𝑛(𝐴 − 𝐵) =
𝑡𝑎𝑛𝐴−𝑡𝑎𝑛𝐵

1+𝑡𝑎𝑛𝐴𝑡𝑎𝑛𝐵
 

 

(2) Proof using matrices 

Rotation of 𝜃 followed by rotation of 𝜙 

(
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

) (
𝑥
𝑦) = (

𝑥′

𝑦′)  

(
𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜙
𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙

) (
𝑥′

𝑦′) = (
𝑥′′

𝑦′′)  

(
𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜙
𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙

) (
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

) (
𝑥
𝑦) = (

𝑥′′

𝑦′′)  

Also  (
cos (𝜃 + 𝜙) −sin (𝜃 + 𝜙)
sin (𝜃 + 𝜙) cos (𝜃 + 𝜙)

) (
𝑥
𝑦) = (

𝑥′′

𝑦′′) 

Hence   cos(𝜃 + 𝜙) = 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 − 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙 

&  sin(𝜃 + 𝜙) = 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙   or  𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 + 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 

 

 
(3) Expressions for 𝒄𝒐𝒔𝟐𝜽 𝒂𝒏𝒅 𝒔𝒊𝒏𝟐𝜽  

Using the results  𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 = 1 

(by applying Pythagoras to a right-angled triangle with sides 

𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃 & 1) 
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and   𝑐𝑜𝑠2𝜃 − 𝑠𝑖𝑛2𝜃 = cos (2𝜃)  (from the Compound angle 

formulae) we can derive: 

𝑐𝑜𝑠2𝜃 =
1

2
(1 + cos(2𝜃))  &  𝑠𝑖𝑛2𝜃 =

1

2
(1 − cos(2𝜃))  

 
(4) 𝑹𝒔𝒊𝒏(𝜽 + 𝜶) and 𝑹𝒄𝒐𝒔(𝜽 − 𝜶) 
 
The compound angle formulae can be used to write the 
expression 𝑎𝑠𝑖𝑛𝜃 + 𝑏𝑐𝑜𝑠𝜃 in either of the forms 𝑅𝑠𝑖𝑛(𝜃 + 𝛼) or 
𝑅𝑐𝑜𝑠(𝜃 − 𝛼).  
 
Example 
 

√3𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃 = 𝑅𝑠𝑖𝑛(𝜃 + 𝛼) = 𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝛼 + 𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼  
 
and equating coefficients of 𝑠𝑖𝑛𝜃  &  𝑐𝑜𝑠𝜃 (given that the two 
expressions are to be equal for all values of 𝜃), 
 

√3 = 𝑅𝑐𝑜𝑠𝛼  &  1 = 𝑅𝑠𝑖𝑛𝛼,  
 
so that  3 + 1 = 𝑅2(𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼) = 𝑅2 , 
 

giving 𝑅 = 2 (for example); and  𝑡𝑎𝑛𝛼 =
1

√3
 , giving 𝛼 =

𝜋

6
 

 

Thus  √3𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃 = 2𝑠𝑖𝑛 (𝜃 +
𝜋

6
) 

 
Alternatively, 
 

√3𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃 = 𝑅𝑐𝑜𝑠(𝜃 − 𝛼) = 𝑅𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛼 + 𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛼 ,  
 

so that  √3 = 𝑅𝑠𝑖𝑛𝛼  &  1 = 𝑅𝑐𝑜𝑠𝛼,  giving 𝑅 = 2 again, 
 

and  𝑡𝑎𝑛𝛼 = √3 , so that 𝛼 =
𝜋

3
 

 

Thus √3𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃 can be written as either 
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2𝑠𝑖𝑛 (𝜃 +
𝜋

6
)  or  2cos (𝜃 −

𝜋

3
) [see note (b) below] 

 
 
Had we chosen 𝑅𝑠𝑖𝑛(𝜃 − 𝛼) instead, then  
 

√3𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃 = 𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝛼 − 𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼, 
 

giving  √3 = 𝑅𝑐𝑜𝑠𝛼  &  1 = −𝑅𝑠𝑖𝑛𝛼, 
 

so that  𝑅 = 2  and  𝑡𝑎𝑛𝛼 = −
1

√3
 , or  tan (−𝛼) =

1

√3
 , 

 
with the same result as before. 
 
Similarly, 
 

√3𝑠𝑖𝑛𝜃 + 𝑐𝑜𝑠𝜃 = 𝑅𝑐𝑜𝑠(𝜃 + 𝛼) = 𝑅𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛼 − 𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛼,   
  

giving  √3 = −𝑅𝑠𝑖𝑛𝛼  &  1 = 𝑅𝑐𝑜𝑠𝛼, 
 

so that  𝑅 = 2  and  𝑡𝑎𝑛𝛼 = −√3 , or  tan (−𝛼) = √3 , as before 
 
 
Notes 
 
(a) 𝑅𝑠𝑖𝑛(𝜃 − 𝛼) can be chosen, if 𝑏 is negative; similarly for 
𝑅𝑐𝑜𝑠(𝜃 + 𝛼) if 𝑎 is negative. 
 
(b) As 𝑠𝑖𝑛(𝜃 + 𝛼) = cos(90° − [𝜃 + 𝛼]) = 𝑐𝑜𝑠([90° − α] − θ) 

= 𝑐𝑜𝑠(𝜃 − [90° − α]), one form can be obtained from the other. 

Similarly,  𝑐𝑜𝑠(𝜃 − 𝛼) = cos(α − θ) = 𝑠𝑖𝑛(90° − [α − θ]) 

= 𝑠𝑖𝑛(𝜃 + [90° − 𝛼])  


