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TMUA Practice Paper 1 Solutions (13 pages; 1/2/22)  

[aka 2016 paper]  

 

Q1 

Equating constant terms : 𝑏3 = −3√3 ⇒ 𝑏 = −√3 

Equating coefficients of 𝑥3: 𝑎3 = 8 ⇒ 𝑎 = 2  

Equating coefficients of 𝑥2 : 3𝑎2𝑏 = −𝑝 

⇒ 𝑝 = −3(4)(−√3) = 12√3  

Answer : H 

 

Q2 

Writing 𝑓(𝑥) = 3𝑥3 + 13𝑥2 + 8𝑥 + 𝑎, 

(𝑥 + 2) is a factor ⇒ 𝑓(−2) = 0, 

so that −24 + 52 − 16 + 𝑎 = 0 ⇒ 𝑎 = −12 

So answer must be D or E. 

If answer is D, then (𝑥 − 3) is a factor ⇒ 𝑓(3) = 0, 

𝑓(3) = 3(27) + 13(9) + 8(3) − 12 ≠ 0, so answer must be E. 

Answer : E 

 

Q3 

𝑦 = 2𝑥−2 ⇒
𝑑𝑦

𝑑𝑥
= −2(2)𝑥−3  

𝑑𝑦

𝑑𝑥
 |𝑥 = 1  = −4  
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Also, when 𝑥 = 1, 𝑦 = 2 

So eq’n of normal is  
𝑦−2

𝑥−1
= −

1

(−4)
 

⇒ 4(𝑦 − 2) = 𝑥 − 1  

At P, 𝑦 = 0 ⇒ −8 = 𝑥 − 1 ⇒ 𝑥 = −7, so that P is (−7,0) 

At Q, 𝑥 = 0 ⇒ 4(𝑦 − 2) = −1 ⇒ 𝑦 =
7

4
, so that Q is (0,

7

4
) 

Then |𝑃𝑄|2 = (−7)2 + (
7

4
)2 =

49(16+1)

16
 , and |𝑃𝑄| =

7√17

4
 

Answer : C 

 

Q4 

𝑛 odd ⇒ 𝑎𝑛 = −1 − 1 − 1 = −3 

𝑛 even ⇒ 𝑎𝑛 = 1 + 1 + 1 = 3 

⇒ ∑ 𝑎𝑛 = 20(−3) + 19(3) = −339
𝑛=1    

Answer : B 

 

Q5 

The curve 𝑦 = 𝑥2 − 1 crosses the 𝑥-axis at 𝑥 = 1. 

By symmetry, required area is 

2(− ∫ 𝑥2 − 1 𝑑𝑥 + ∫ 𝑥2 − 1 𝑑𝑥)
2

1

1

0
  

= −2 [
1

3
𝑥3 − 𝑥]

1
0

+ 2 [
1

3
𝑥3 − 𝑥]

2
1

  

= −2 (
1

3
− 1) + 2 (

8

3
− 2) − 2(

1

3
− 1)  

= 2 − 4 + 2 +
2

3
(−1 + 8 − 1) = 4  
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Answer : C 

 

Q6 

25% is a weighted average of 30% (with weight 
12

20
), 20% (with 

weight 
5

20
) and 𝑅% (say) (with weight 

3

20
); 

ie 
12

20
× 30 +

5

20
× 20 +

3

20
× 𝑅 = 25 

⇒ 12(30) + 5(20) + 3𝑅 = 20(25)  

⇒ 𝑅 =
1

3
(500 − 360 − 100) =

40

3
 or 13

1

3
 

Answer : C 

 

Q7 

Without loss of generality, let there be 60 women and 40 men. 

Let 𝐶 = 𝐶𝑀 + 𝐶𝑊 play cricket, and  𝑇 = 𝑇𝑀 + 𝑇𝑊 play tennis. 

𝑃(𝑊&𝑇) = 𝑃(𝑊)𝑃(𝑇 |𝑊) = 0.6 𝑃(𝑇 |𝑊) = 0.6 
𝑇𝑊

60
    

Then 𝐶𝑀 =
2

5
(40) = 16  and 𝐶𝑊 =

2

3
 𝐶 

Hence  𝐶 = 16 +
2

3
𝐶, so that  16 =

𝐶

3
  and 𝐶 = 48 

So 𝐶𝑀 = 16  and 𝐶𝑊 =
2

3
(48) = 32 

Then  𝑇𝑊 + 𝐶𝑊 = 60, so that  𝑇𝑊 = 28 

Then 𝑃(𝑊&𝑇) = 0.6 
𝑇𝑊

60
= 0.6 (

28

60
) =

3

5
(

7

15
) =

7

25
 

Answer : B 

 



 fmng.uk 

4 
 

Q8 

Let 𝑦 = 𝑠𝑖𝑛(2𝑥), so that 

1 − 𝑦2 + √3𝑦 −
7

4
= 0  

and  4𝑦2 − 4√3𝑦 + 3 = 0 

⇒ 𝑦 =
4√3±√48−48

8
=

√3

2
  

So  𝑠𝑖𝑛(2𝑥) =
√3

2
 , with 0 ≤ 𝑥 ≤ 360 

Let 𝑢 = 2𝑥, so that 𝑠𝑖𝑛𝑢 =
√3

2
 , with 0 ≤ 𝑢 ≤ 720 

⇒ 𝑢 = 60, 120, 60 + 360, 120 + 360  

So maximum 𝑥 is 
1

2
(120 + 360) = 240 

Answer : F 

 

Q9 

Centre of original circle is (5,4) 

and 𝑟2 = (5 − 3)2 + (4 − 3)2 = 5 

So eq’n is  (𝑥 − 5)2 + (𝑦 − 4)2 = 5 

Translation of (
−3
0

) produces  ([𝑥 + 3] − 5)2 + (𝑦 − 4)2 = 5 

Reflection in 𝑥-axis produces  (𝑥 − 2)2 + (−𝑦 − 4)2 = 5 

The enlargement produces  (𝑥 − 2)2 + (−𝑦 − 4)2 = 5(42) 

ie (𝑥 − 2)2 + (𝑦 + 4)2 = 80 

Answer : D 
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Q10 

Rewrite the eq’n as  𝑡𝑎𝑛𝑥 =
1

𝑥
 

 

 

 

 

 

 

 

Referring to the diagram, there are 2 sol’ns to this eq’n in the 

interval 0 < 𝑥 ≤ 2𝜋. 

So, by symmetry, and as 𝑥 = 0 is not a sol’n, there are 4 sol’ns in 

the interval −2𝜋 ≤ 𝑥 ≤ 2𝜋  

Answer : E 

 

Q11 

If 𝑦 = 22𝑥 , then 42𝑥 = (22)2𝑥 = 22(2𝑥) = 𝑦2, 

and 42𝑥 + 12 = 22𝑥+3 becomes 𝑦2 − 8𝑦 + 12 = 0 

⇒ (𝑦 − 2)(𝑦 − 6) = 0  

so that  22𝑞 = 2  and 22𝑝 = 6   

Hence 𝑞 =
1

2
  and 𝑝 =

1

2
𝑙𝑜𝑔26 =

1

2

𝑙𝑜𝑔106

𝑙𝑜𝑔102
 , 

and 𝑝 − 𝑞 =
1

2
(

𝑙𝑜𝑔106

𝑙𝑜𝑔102
− 1) 
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=
𝑙𝑜𝑔106−𝑙𝑜𝑔102

2𝑙𝑜𝑔102
=

𝑙𝑜𝑔103

𝑙𝑜𝑔104
  

Answer : E 

 

Q12 

Let 2𝑑 𝑎𝑛𝑑 2ℎ be the width and height of the cylinder (as it 

appears in the diagram in the question) 

Volume of cylinder, 𝑉 = 2ℎ(𝜋𝑑2) 

and (from the diagram in the question) 𝑑2 + ℎ2 = 52  

Thus  𝑉 = 2ℎ𝜋(25 − ℎ2) = 50𝜋ℎ − 2𝜋ℎ3 

𝑑𝑉

𝑑ℎ
= 50𝜋 − 6𝜋ℎ2  

𝑑𝑉

𝑑ℎ
= 0 ⇒ 50 = 6ℎ2 ⇒ ℎ = √

50

6
  and  𝑑2 = 25 −

50

6
=

100

6
=

50

3
 

Then 𝑉 = 2√
50

6
 𝜋 (

50

3
) = 2(5)√

2

6
 𝜋 (

50

3
) =

500𝜋

3√3
=

500√3

9
𝜋 

Answer : E 

 

Q13 

Writing 𝑓(𝑥) = 3𝑥5 − 10𝑥3 − 120𝑥 + 30, 

𝑓′(𝑥) = 15𝑥4 − 30𝑥2 − 120  

Then  𝑓′(𝑥) = 0 ⇒ (𝑥2 − 4)(𝑥2 + 2) = 0 ⇒ 𝑥 = ±2  

𝑓′′(𝑥) = 60𝑥3 − 60𝑥  

𝑓′′(−2) < 0 ⇒ maximum  

𝑓′′(2) > 0 ⇒ minimum  
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(and these are the only two turning points). 

 

[The shape of a quintic means that, if 𝑓′(𝑥) = 0 and  𝑓′′(𝑥) ≠ 0 for 

𝑥 = −2 and 𝑥 = 2, then there would have to be a maximum at 

𝑥 = −2 and a minimum at 𝑥 = 2.] 

𝑓(−2) = 3(−32) − 10(−8) − 120(−2) + 30  

= −96 + 80 + 240 + 30 > 0  

and 𝑓(2) = 3(32) − 10(8) − 120(2) + 30  

= 96 − 80 − 240 + 30 < 0  

so that the graph of 𝑓(𝑥) has the shape shown in the diagram 

below, and therefore there are 3 real roots of 𝑓(𝑥) = 0 

 

 

 

 

 

 

 

Answer : C 

 

Q14 

Write  𝑇: 4, 4𝑟, 4𝑟2 …   and  𝑈: 4, 4𝑅, 4𝑅2 …    

Then 4𝑟 + 4𝑅 = 3  (1)  and  4𝑟2 + 4𝑅2 =
5

4
  (2) 
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And 𝑆∞ = 𝑇∞ + 𝑈∞ =
4

1−𝑟
+

4

1−𝑅
 

From (1), 𝑅 =
3−4𝑟

4
 

Substituting into (2): 

16𝑟2 + (3 − 4𝑟)2 = 5  

⇒ 32𝑟2 − 24𝑟 + 4 = 0  

⇒ 8𝑟2 − 6𝑟 + 1 = 0  

⇒ (4𝑟 − 1)(2𝑟 − 1) = 0  

⇒ 𝑟 =
1

4
 𝑜𝑟 

1

2
  

⇒ 𝑅 =
1

2
 𝑜𝑟 

1

4
 (or by symmetry) 

So 𝑆∞ =
4

(
1

2
)

+
4

(
3

4
)

= 8 +
16

3
=

40

3
 

Answer : D 

 

Q15 

𝑦 = (2𝑥 + 𝑎)(𝑥 − 2𝑎)2  

𝑑𝑦

𝑑𝑥
= 2(𝑥 − 2𝑎)2 + 2(2𝑥 + 𝑎)(𝑥 − 2𝑎)  

When 𝑥 = 1, 
𝑑𝑦

𝑑𝑥
= 2(1 − 2𝑎)2 + 2(2 + 𝑎)(1 − 2𝑎)  

= 2(1 − 2𝑎)(1 − 2𝑎 + 2 + 𝑎)  

= 2(1 − 2𝑎)(3 − 𝑎) = 𝐴, say 

Then 
𝑑𝐴

𝑑𝑎
= 0 ⇒ −4(3 − 𝑎) + 2(1 − 2𝑎)(−1) = 0  

⇒ −14 + 8𝑎 = 0 ⇒ 𝑎 =
7

4
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When 𝑎 =
7

4
, 𝐴 = 2 (1 −

7

2
) (3 −

7

4
) =

1

4
(−5)(5) = −

25

4
 

Answer: C 

 

Q16 

𝑙𝑜𝑔102 + 𝑙𝑜𝑔10(𝑦 − 1) = 2𝑙𝑜𝑔10𝑥  

⇒ 𝑙𝑜𝑔102(𝑦 − 1) = 𝑙𝑜𝑔10(𝑥2)  

⇒ 2(𝑦 − 1) = 𝑥2  

And  𝑙𝑜𝑔10(𝑦 + 3 − 3𝑥) = 0 ⇒ 𝑦 + 3 − 3𝑥 = 1 

⇒ 3𝑥 = 𝑦 + 2  

⇒ 9𝑥2 = (𝑦 + 2)2  

So  18(𝑦 − 1) = (𝑦 + 2)2 

⇒ 𝑦2 − 14𝑦 + 22 = 0  

⇒ 𝑦 =
14±√196−88

2
=

14±√108

2
= 7 ± √27 = 7 ± 3√3  

Answer: C 

 

Q17 

𝑦 < 0 ⇒ either 1 + 2𝑐𝑜𝑠𝑥 > 0 & cos(2𝑥) < 0  (A) 

or  1 + 2𝑐𝑜𝑠𝑥 < 0 & cos(2𝑥) > 0  (B) 

For (A): 

1 + 2𝑐𝑜𝑠𝑥 = 0 ⇒ 𝑐𝑜𝑠𝑥 = −
1

2
 ⇒ 𝑥 =

2𝜋

3
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Referring to the graph of 1 + 2𝑐𝑜𝑠𝑥,   

1 + 2𝑐𝑜𝑠𝑥 > 0 when 0 < 𝑥 <
2𝜋

3
 (given that 0 < 𝑥 < 𝜋) 

 

 

 

 

 

 

and, referring to the graph of  cos(2𝑥), 

cos(2𝑥) < 0  when 
𝜋

4
< 𝑥 <

3𝜋

4
  

So (A) ⇒ 0 < 𝑥 <
2𝜋

3
 𝑎𝑛𝑑 

𝜋

4
< 𝑥 <

3𝜋

4
 ; ie 

𝜋

4
< 𝑥 <

2𝜋

3
 

And (B) ⇒
2𝜋

3
< 𝑥 < 𝜋 𝑎𝑛𝑑 (0 < 𝑥 <

𝜋

4
 𝑜𝑟 

3𝜋

4
< 𝑥 < 𝜋); 

ie 
3𝜋

4
< 𝑥 < 𝜋 

Answer: D 

 



 fmng.uk 

11 
 

Q18   

𝑓(𝑥) = (1 − 𝑥)𝑥−
2

3 = 𝑥−
2

3 − 𝑥
1

3  

[Note : 𝑥
1

3 is defined for negative 𝑥, but 𝑥
1

2 isn’t (except as an 

imaginary number).] 

𝑓′(𝑥) = −
2

3
𝑥−

5

3 −
1

3
𝑥−

2

3   

Then 𝑓′(𝑥) < 0 ⇒ 2𝑥−
5

3 + 𝑥−
2

3 > 0 

⇒ 𝑥−
2

3(2𝑥−1 + 1) > 0  

Now 𝑥−
2

3 > 0 for all 𝑥 ≠ 0 [If 𝑥 < 0, 𝑥
1

3 < 0 & 𝑥
2

3 > 0, so 𝑥−
2

3 > 0 ] 

So when 𝑓(𝑥) is decreasing, 2𝑥−1 + 1 > 0 ⇒ 𝑥−1 > −
1

2
 

If 𝑥 > 0, then 1 > −
𝒙

𝟐
⇒ 𝑥 > −2; ie 𝑥 > 0 

If 𝑥 < 0, then 1 < −
𝒙

𝟐
⇒ 𝑥 < −2; ie 𝑥 < −2 

The Answer is therefore 𝑥 < −2, 𝑥 > 0, but this isn’t one of the 

options! The official solutions say: 

 

Q19 

(1 + 2𝑥 + 3𝑥2)6 = 1 + 6(2𝑥 + 3𝑥2) + (
6
2

) (2𝑥 + 3𝑥2)2  

+ (
6
3

) (2𝑥 + 3𝑥2)3 + ⋯  

(subsequent terms involve powers of 𝑥 greater than 3) 

The coefficient of 𝑥3 in (1 + 2𝑥 + 3𝑥2)6 is therefore: 
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coefficient of 𝑥 in 15(2 + 3𝑥)2 

+ constant term in 20(2 + 3𝑥)3 

= 15(12) + 20(8) = 180 + 160 = 340  

The coefficient of 𝑥4 in (1 − 𝑎𝑥2)5 is  (
5
2

) (−𝑎)2 = 10𝑎2 

So 340 = 2(10𝑎2) ⇒ 𝑎 = ±√17 

Answer: B 

 

Q20 

The shortest distance can be established by drawing a net of the 

pyramid, but there are two possible routes. The first one, PW, 

crossing OS (or OQ), is shown below (note that the angles in the 

triangles OPS and ORS are maintained). 

 

 

 

 

Applying the Cosine rule to OPW, 

𝑃𝑊2 = 𝑃𝑂2 + 𝑂𝑊2 − 2𝑃𝑂. 𝑂𝑊𝑐𝑜𝑠𝑃𝑂𝑅  

= 202 + 102 − 2(20)(10)𝑐𝑜𝑠120°  

= 500 − 400 (−
1

2
) = 700  

The second possible route, PT, crossing SR (or RQ), is shown 

below. 
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[In the diagram, it looks as though PT bisects SR, but this is not in 

fact the case.] 

 

Applying the Cosine rule to PTS, 

𝑃𝑇2 = 𝑃𝑆2 + 𝑆𝑇2 − 2𝑃𝑆. 𝑆𝑇𝑐𝑜𝑠𝑃𝑆𝑇  

= 202 + (10√3)2 − 2(20)(10√3)𝑐𝑜𝑠120°  

= 700 − 400√3(−
1

2
)  

= 700 + 200√3  

 

So, as 𝑃𝑇2 > 𝑃𝑊2, the shortest distance is 𝑃𝑊 = 10√7. 

Answer: D 

 

 

 


