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Introduction

These mark schemes are published as an aid for teachers and students, and
indicate the requirements of the examination. It shows the basis on which marks
were awarded by the Examiners and shows the main valid approaches to each
question. It is recognised that there may be other approaches; if a different approach
was taken by a candidate, their solution was marked accordingly after discussion by
the marking team. These adaptations are not recorded here.

All Examiners are instructed that alternative correct answers and unexpected
approaches in candidates’ scripts must be given marks that fairly reflect the relevant
knowledge and skills demonstrated.

Mark schemes should be read in conjunction with the published question papers and
the Report on the Examination.

Admissions Testing will not enter into any discussion or correspondence
in connection with this mark scheme.



Marking notation

NOTATION MEANING NOTES

M Method mark For correct application of a Method.

dMorm Dependent method mark | This cannot be earned unless the
preceding M mark has been earned.

A Answer mark MO = A0

B Independently earned Stand alone for “right or wrong”.

mark

E B mark for an explanation

G B mark for a graph

ft Follow through To highlight where incorrect answers
should be marked as if they were correct.

CAO or CSO | Correct Answer/Solution | To emphasise that ft does not apply.

Sometimes | Only

written as

A*

AG Answer Given Indicates answer is given in question.




STEP |1 2017 Mark Scheme

Question 1
(i) u = xsinx + cosx
d—z=sinx+xcosx—sinx M1 A1l
= XCoSsx
[——dx = [ =% _gx M1 A1
xtanx+1 X Sinx+cosx
= [Zdu
u
=Inju|l +¢ Al
« [—=—dx = In|xsinx + cosx| + ¢ M1
xtanx+1

— J' x sinx x M1

x cosx—sinx

J

Letu = xcosx — sinx

x cotx— 1

u .
=COSX —XSsInx —Cosx

dx M1 Al
= —xsinx
X
Jomdx = — Ldx = —Infu| + ¢
xcotx—1
o [———dx = —In|x cosx — sin x| Al
xcotx— 1
(i) Letu = xsec’?x —tanx M1 A1l
d
— (sec?x) = 2secx (secxtanx) = 2sec® xtanx Al
du
— = sec? x + 2x sec? x tan x — sec® x = 2x sec? x tan x Al
2
xsec“xtanx 1 1 1
[————dx=>[-du==-Inlul +c¢
X secs x—tanx 2 u 2
x sec? x tan x 1
J———dx =>In|xsec?x — tanx| + ¢ Al
xsecsx—tanx 2
: 2
XSInx cosx xsec“xtanx
" dx = | ———————dx M2 Al
f(x—sinxcosx)z f(xsecz x—tan x)?2
Using same substitution as previous integral:
Al
1,1 1
=-]du=—-—+c
quz 2u
x sinx cosx 1
_xsinxcosx . __ Y
f(x—sinxcosx)z 2(x sec? x—tan x) Al



Question 1

An Al should be lost if modulus signs or 4+c are omitted in the final answer for any section, but only
on the first occasion.

M1 | calculation ofd—u
dx
Al | Correct expression
M1 | yse of tan x = ——
COoS X
Al | Integral simplified and in terms of u
Al | Integration completed correctly in terms of u
M1 | Integral rewritten in terms of x
Subtotal: 6
M1 | Rewriting integral in a form ready for substitution
M1 | Correct choice of substitution
Al | Correctly differentiated
Al | Correct final answer.
Subtotal: 4
M1 | Choice of a sensible substitution, based on the denominator.
Al | Correct choice
Al | Differentiation of sec? x
Al | correct au
dx
Al | Correct final answer.
Subtotal: 5
M2 | Transformation of the integral so that the denominator is similar to the first part.
Al | Correctly transformed.
Al | Correct integral in terms of u
Al | Correct final answer.
Subtotal: 5




Question 2

(i)

(i)

(i)

f —dt = [In|t[]7 = Inx
fl 1dt— [t =x-1
Therefore,Inx < x —1

. 1
Over theinterval x <t < 1,; >1

Taking the integral over the range x < t < 1 gives the inequality
—Inx=>1—-x
Thereforelnx < x —1

11* 1
fimar=|-¢] =1~
Therefore, integrating both sides gives
1- i <Ilnx

andsolnx > 1—%forx2 1

. o1 1 . .
For0 <x <1, |ntegrat|ngt—2 = 7 over the interval x < t < 1 gives:

l—12—1nx
b

Solnx > 1—%for0 < x < 1aswelland so (**) is true for x > 0.

ALTERNATIVE
d 1
E(l—;)z—and (IDX)——

Whenx=1,1—%—0—lnx

11
S ==forx <1
X X

Therefore, since the two sides of the inequality are equal when x = 1, the LHS
grows more rapidly for x < 1 and the RHS grows more rapidly for x > 1, the

inequality is true.

y _ (Y
Jinxdx = [71xInxdx

dv
u=Ihx —=1
dx

du 1 v=x
dx  x -

flylnxdx = [xInx]} —flyldx =ylny—y+1

Integrating (*):
Fory > 1:

2
ylny—y+1<y——y+l

Therefore 2yIny < (y? — 1) and so y—y < y—;l (since2(y — 1) > 0)

ForO0<y<1:

y? 1
y—ylny—15—7+y—5

2
Therefore 2ylny > y? -y +%and o) 31:% <X (since2(y — 1) < 0)

2y

Integrating (**):
Fory > 1:
ylny—y+1>2y—-Iny—-1

Therefore (y + 1) Iny = 2(y — 1) and S0 T2 (smce -Dly+1)>0)

For0<y<1
—ylhy—-1=2hy+1-y

Therefore y+Dlny<2(y—1)and so 7 (smce -Dly+1)<0)
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M1

Al AG

M1

Al AG

M1A1

M1 A1l

M1

Al

M1A1
dm1
B1

G1E1l

M1

Al

M1



Question 2

M1 | Integration of one of the sides of the inequality (indefinite integration OK)
Al Integration of both sides of the inequality and conclusion reached. (In the case of the RHS
an alternative would be a clear explanation in terms of area of rectangle)
M1 | Statement of the inequality for this range of values for t.
Al Correctly drawn conclusion.
Subtotal: 4
M1 | Integration of LHS of inequality. (indefinite integration OK)
Al Integration completed correctly.
M1 | Inequality formed by integrating both sides of inequality
Al Correct deduction of (**) forx > 1
Marks up to this point can be awarded if there is no consideration of which values of x (**) is
shown for.
M1 | Integration of correct inequality for 0 < x <1

Al

Conclusion of (**) including clear explanation of how it is shown for whole range.

Note that substituting %for x in (*) gives lni < % — 1, which leads to —Inx < % — 1 and then to

(**) directly, but no marks for this as question requires starting from a different inequality.

ALTERNATIVE
M1 | Two differentiations.
Al Correctly completed.
dM1 | Considerationof x = 1
Bl Correct inequality.
Gl Graph to illustrate that the inequality holds.
El Explanation (award the G1 also for a good explanation without the graph sketched.
Subtotal: 6
M1 | Use of integration by parts to integrate In x (indefinite integration OK)
Al Correct integral
M1 | Integration of both sides of inequality incasey > 1.
Al Inequality deduced for case y > 1.
M1 | Integration of both sides of inequalityincase 0 <y < 1.
Al Inequality deduced forcase 0 <y < 1.
M1 | Integration of both sides of inequality incasey > 1.
Al Inequality deduced for case y > 1.
M1 | Integration of both sides of inequalityincase 0 <y < 1.
Al Inequality deduced for case 0 <y < 1.
Subtotal: 10




Question 3

dy _
2y o, = 4a M1
4a 1

w_ =1
AP, = e = A1

Therefore the equation of the tangent is:

1 M1
y —2ap = (x —ap?)
y = %x +ap Al
Similarly, the equation of the tangentat Qisy = gx + aq B1
Coordinates of R:
1 1
px+ap2—qx+aq i M1
gx +ap“q = px + apq A1 A1l
(p — @x =apq(p — q)
Therefore x = apq.

1

[y =5(apg) +ap=alp+q]
The coordinates of R are (apq, a(p + q))
Other coordinates are: B1
S(0,ap) and T(0, aq)
Area of RST:
Using the edge along the y-axis as the base:
Base length = a(p — q) M1A1
Height = —apq Al
Therefore the area is %azpq(q -p)
Area of OPQ:
Trapezium formed by adding horizontals to y-axis from P and Q: M2 AL

Area = %(ap2 +aq?®)ap — 2aq) = a*(p* + ¢*)(p — q)
Triangles to be removed:

(P): Area = 2 (ap?) (2ap) = a?p® A1A1
(Q): Area = - (aq?)(—2aq) = —a’q®

Therefore area of OPQ= a?(p? + q%)(p — q) — a®p? + a?q®

M1 A1
Area = a?(p* + pq® —p*q — q° —p* + q¢*) = a’pqa(q — p) B1

Therefore the area of OPQ is twice the area of RST

10



Question 3

M1 | Differentiation.
Al | Gradient correct.
M1 | Equation of line through P with this gradient.
Al | Establish given equation.
Subtotal: 4
B1 | Tangentat Q.
Subtotal: 1
M1 | Equating y coordinates.
Al | Solve for x (allow mark if signs are incorrect).
Al | Correct signs.
Subtotal: 3
Bl | Coordinates of other points.
M1 | Valid method for area of triangle.
Al | Area correct.
Al | Sign correct.
Subtotal: 4
M2 | Valid method for calculation of the area.
Al | Correct area for one shape that is needed.
Al | Correct area for at least one other shape that is needed.
Al | Correct areas found for all shapes needed.
M1 | Combine all areas correctly.
Al | Correct area of the triangle.
B1 | All correct and conclusion reached.
Subtotal: 8

11




Question 4

(i)

(i)

1+r+r25(r+%)2+%

. A 13
Therefore minimum point is (_E'Z)

\\\¥;/%

Since |r| < 1, upper bound for p is the value when r = 1.
Therefore z <p<3

Since |r| < 1, there is only one value of r that corresponds to each value of p in
the range 1 < p < 3 (as can be seen on the graph). Therefore values of p in that

range determine r (and hence S) uniquely.

If% < p < 1 then there are two values of r that satisfy 1 + r + 2 = p.

R ingS = ——givesr =1 — =
earranging § = ~—gives = 5

Substituting:

(==

So3—%+Siz=pandtherefore(3—p)52—35+1=0

2
1+2r+3r2=3(r+3) 42
3 3
Atr=-1,1+2r+3r2=2

Atr=1,1+2r+3r2=6

Therefore values of g in the range 2 < g < 6 determine r, and hence T uniquely.

Ifq = gthen the value of r and hence T is also determined uniquely.

2
For; < q < 2, there are two values of r.

(1-7r)2=2,s0r=1——

T VT )

1 1
Thereforesq _31+2(1_\/_T)+3(1_\/_T)
q=6—‘/—7+; andso (6 — q)T +3 = 8T

Squaring:
(6—q)*T?+6(6—q)T +9 = 64T
(6—q)°T?-(28+6q)T+9=0
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B1
M1
Al
B1
B1

Bl

B1

M1

M1

Al AG

M1 A1l

B1

B1
B1

B1
M1

Al
M1

Al



Question 4

Bl | Correct shape (must include range |r|<1).
M1 | Completing the square (or differentiating) to find minimum.
Al | Correct minimum point.
B1 | y-intercept at (0,1).
B1 | Nointercept with x-axis.
B1 | Upper bound for p justified.
B1 | Any valid explanation.
M1 | Rearrangement of the formula for S.
M1 | Substitution into the formula for p.
Al | Correct solution.
Subtotal: 10

M1 | Completing the square (or differentiation to find minimum)
Al | Completion of square done correctly.
B1 | Calculation of the value at the two endpoints.
Bl | Interval 2 < g < 6 identified.
Bl | g =Zidentified.

Subtotal: 5
B1 | Correct interval identified.
M1 | Rearrangement of the formula for T.
Al | Substitution into the formula for q.
M1 | Simplification into a three term quadratic in v/T.
Al | Quadraticin T found.

Subtotal: 5
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Question 5

The width of the rectangle is (s — x)
The height of the rectangle is x tan 8

Therefore the areais x(s — x) tan 8 B1 AG
The coordinates of R must be (s,Va? — s2) Bl
The coordinates of Q must be (x, x tan )
Therefore x tan § = Va? — s2 since both must have the same y-coordinate M1
Sos? =a%?—x%tan?B,s = /a2 —x%tan? Al

ds 2
ZSE = —2xtan® 8 M1
dA ds
E—(s—x)tanﬂ+x(a—1)tanﬂ M1 A1

. . ds
Substituting for PP

M1
daa
— = (s—x)tanﬂ+x(—§tan2ﬂ— 1)tanﬁ

2
Z—i=(s—2x)tanﬁ—%tan3,[>’ Al AG

ALTERNATIVE (from s = a? — x?tan? 8, s = \/Ja% — x%tan? f3)
=xtanf+a? —x%tan?f — x*tan dm1

aa _ 2 73 x tan B(2x tan? )
=tanfB.a* —x%tan?f — 2xtanf — BNl M1 Al
2
Since,/a2 — x2 tan? 'B’E = (s —2x)tanp —x?tan3ﬁ M1A1l

Stationary points when
2
(s—2x)tanp — x?tan3/3 =0
2 _2xs—x%tan®’B =0 M1
By quadratic formula:

[\ K
s = x + x4/1 4+ tan? B (since s > x)
Therefore s = x(1 + sec ) M1 A1
AG
s? =x%(1 +secp)? e
a? —x?tan? f = x2(1 + sec §)?
x%(1 + 2secf + sec? B + tan? B) = a?
2x?sec B (1 +secB) = a? Al
A =x(xsecB)tanf M1
_1 o tanB
A= 2% (1+secﬁ) Al

1 sin
- 100 (58
2 cos B+1

la <Zsm—Bcos—B> M1
2 2 cos2Zf—1+1
_1,.2 1
=2a?(tan2p) A1 AG
_ xtanf
tan £ROS = T(Ltsech)
tan £ROS = tan> f§ so ZROS = ~f B1AG

14



Question 5

Bl Clear explanation of the formula for the area of the rectangle.

Bl Coordinates of R deduced (use of Pythagoras / radius of circle).

M1 | Equating y-coordinates for Q and R.

Al Expression for s in terms of a, x and f3.

M1 | pifferentiation to find Z—i

M1 | Differentiation of the expression for A.

Al Correct differentiated expression.

M1 | substitution forE

dx

Al Rearrangement to required form.

ALTERNATIVE

dM1 | Substitution.

M1 | Differentiation with respect to x (must either treat tan 8 as constant or have an expression

. . d
involving ﬁ.)

Al Correct derivative.

M1 | Use of other formula.

Al Correctly deduced relationship.
Subtotal: 9

M1 | use ofE =0.

dx

M1 | Use of quadratic formula.

M1 | Useof 1+ tan? f = sec?

Al Correct value for s determined, including justification of which root of the quadratic.
Subtotal: 4

M1 | Attempt to eliminate s from equation found in the first part of the question.

Al Correct relationship.

M1 | Substitution into the formula for the area.

Al Correct formula obtained.

M1 | Use of double angle formulae.

Al Correct expression for the area.

Bl Justification for the size of angle ROS.
Subtotal: 7
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Question 6

(i)

(i)

(iii)

Suppose that f(x) = 0 for all values of x in the interval. Then folf(x) dx >0
(since f(x) # 0 for some value of x in the interval).

Similarly, if f(x) < 0 for all values of x in the interval. Then folf(x) dx <0
(since f(x) # 0 for some value of x in the interval).

Therefore if fol f(x)dx =0, f(x) must take both positive and negative values in
theinterval 0 < x < 1.

fol(x —a)? g(x)dx = fol x% g(x)dx — 2a folxg(x)dx + a? folg(x) dx
=a?2—-2a%+a?=0

Since f01 g(x)dx =1, g(x) must be non-zero for some value of x in the interval
0<x<1

Therefore, by (i), g(x) takes both positive and negative values in the interval
0<x<1

Therefore, g(x) takes the value 0 at some point in the interval 0 < x < 1.

If g(x) = a + bx, then:

1 _ 1, 5
Jo g()dx = [ax +>bx ]
Therefore, a + %b =1

1
0

1
fol xg(x)dx = Eax2 +§bx3]0

Therefore, %a + ;b =a

1,2 N ERNCNE P b
Jo ¥*g(x)dx = [3 ax® + < bx ]0
Therefore, ia + ib = q?
From the first two equations:
a=4—6a,b=12a—-6
Substituting into the third equation:
%(4 - 6a) +%(12a -6) = a?
a’—a +% =0

Therefore a = 3443

6
Sog(x) =1—+3+2xV3orgx) =1++3-2xV3
Therefore the values of g(0) and g(1) are 1 —+v3and 1 ++v3 and so g(x) = 0
for some value of x in the interval 0 < x < 1.

J, B (x) dx = h(1) — h(0) = 1

J, xh'(x) dx = [xh()]§ = [} h(x) dx

So [l xh'(x)dx=1-f

Jy h'(x) dx = [x?h(x)]3 = 2 [ xh(x) dx
So [y x2H'()dx =1- B2~ ) = (1 - f)?

Therefore, the conditions of (*) are met (g(x) = h'(x), a = 1 — B).
Therefore h’(x) = 0 for some value of x in the interval 0 < x < 1.
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Question 6

B1 | Correct statement considering either f(x) always positive or always negative.
B1 | Statement that corresponding result is true in the other case and conclusion of proof by
contradiction.
Subtotal: 2
M1 | Expansion of (x — a)? and split of integral.
Al | Establish that the value of the integral is 0.
M1 | Identify one of the conditions required to apply the result from (i)
M1 | Apply result from (i)
Al | Draw the required conclusion.
Subtotal: 5
B1 | Relationship between a and b.
B1 | Relationship between a, b and «.
B1 | Relationship between a, b and «.
M1 | Elimination of two of the variables.
Al | Value of one of the variables found.
Al | Correct choice of g(x).
B1 | Verification that there is a root in the interval.
Subtotal: 7
B1 | Confirm that first condition is satisfied.
M1 | Use of integration by parts.
Al | Confirm that second condition is satisfied.
M1 | Use of integration by parts.
Al | Confirm that the third condition is satisfied.
B1 | Apply the previous result to draw the conclusion.
Subtotal: 6
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Question 7

(i)

(i)

(i)

CMA is an isosceles triangle, with |CA| = b and |CM| =

Angle CMA = 120°
b? = 2|CM|? — 2|CM|? cos 120

2
lcM|2 =%

3
|CM| = T
|CL| = T

LM |? = |CM|2 +|CL|? = 2|CM||CL| cos zLCM
2

ILM|? = +——@cOSLLCM

|AB|* = IBCIZ + |CA|2 — 2|BC||CA| cos 2ACB

c? =a?+ b% —2ab cos LACB

2LCM = £ACB + 60°

Therefore cos 2ZLCM = %cos 2ACB — ?sin 2ACB

2 2
ILM|* = a?+ & —a3—b(cos £ACB — /3 sin ACB)

3
2 2

M2 =242 412 _1g2 =b?+ V_
3 3 6 6

——sin £ACB

6|LM|? = a® + b2 + c% + 4V/3A

A similar argument will show that 6|MN|? = 6|NL|? = a? + b? + ¢ + 4V/3A, so

LMN is an equilateral triangle.
The area of LMN is ? |LM|?

V3
If the area of LM N is equal to the area of ABC:
g(a2 +b%+c?+4V30) =A
V3(a? + b% + ¢?) + 12A= 24A
a? 4+ b?% 4 c? = 4/3A

If (a — b)? = —2ab(1 — cos(C — 60°)), then
a? — 2ab + b? = —2ab + 2ab cos(C — 60°)
a? + b% = abcos C + ab\/3sin C

A= %ab sin C, and by the cosine rule c? = a? + b? — 2ab cos C

a? + b? =%(a2+b2—cz)+2\/§A

All steps are reversible, so the conditions are equivalent.

The areas of the triangles are equal if and only if a? + b% 4+ c? = 4+/3A, which is

equivalent to (a — b)? = —2ab(1 — cos(C — 60°)).

Since (a — b)? = 0 and —2ab(1 — cos(C — 60°)) < 0 this can only be satisfied if

both sides are equal to 0.
Therefore a = b and cos(C — 60°) = 1, so C = 60°.
So ABC is an equilateral triangle.

18
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If a2 + b% 4 c2 = 4+/3A, then the area of LMN is T X i_A A
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Question 7

Bl | Value of angle CMA.
M1 | Use of cosine rule for triangle CMA.
Al | Correct value reached.
B1 | Correct value stated.

Subtotal: 4
M1 | Application of cosine rule to triangle CLM.
M1 | Application of cosine rule to triangle ABC.
M1 | Relationship between angles LCM and ACB.
M1 | Application of cos(A + B) = cos A cos B — sin Asin B.
M1 | Combination of the previous results.
M1 | yse of A= %ab sin C
Al | Fully correct solution.
Bl | Deduction that the triangle is equilateral.
B1 | Justification that the condition implies that the areas are equal.
B1 | Justification that the areas being equal implies that the condition holds.

Subtotal: 10

M1 | Expansion and rearrangement.
M1 | Use of area of triangle and cosine rule.
Al | Fully correct justification.
B1 | Clear indication that the reasoning applies both ways.
M1 | Observation that inequality can only be satisfied in this case if both sides are 0.
Al | Clear explanation that this implies that the triangle is equilateral.

Subtotal:6
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Question 8

(i)

(i)

Checkn = 1:a? + 2a;b; — b? =12 +2(1)(2) — 22 =1
Assume that the result is true forn = k:
a,% + Zakbk - b}% =1

2 2
Qjerq + 2aps1bper1 = bicyq

= (ak + Zbk)z + Z(ak + Zbk)(Zak + Sbk) - (Zak + Sbk)z

=a,%+2akbk—b,% =1
Therefore, by induction, a2 + 2a,b, — b2 = 1foralln > 1

From the definitions of the sequences a,, > 0 and b,, > 0 foralln
by =2>2x5"1 s0b, >2x 5" istrueinthecasen = 1.
Assume that b, > 2 x 5%~ for some value k.

Then by, = 2ay + 5b, = 2 x 5F

Therefore , by induction, b, > 2 x 5" 1 foralln > 1

ALTERNATIVE

a, =0forallx>1

by =2,b, =2a,_1+5b,_1 =5b,_1 =5%b,_, =+ =5""1h,
b, =2(5™" 1)

2
From (*): c2 + 2¢c, — 1 = (bi)
Therefore, asn — o, ¢, approaches arootof x> + 2x —1 =0
The roots of x2 + 2x —1 = 0 are —1 + V2

Since ¢, > 0,¢, > V2 —1asn - oo,

c __Qpyq _ Apt2by
n+l bpy1 2an+5by
an+2b a —2a2_4a b +2b2
Therefore cp4q — €y = ~ B — 0 = 2 "onon = 0n
2an+Sby by (2an+5by)by
-2
Cnt1 = Cn = ;- < 0
n+1 7 " T (g, +5by)by

Therefore the sequence ¢, is decreasing.
Therefore ¢, > V2 — 1.
cn +1>+2andso 2

cpt+l

<V2<c,+1

ALTERNATIVE FOR ¢, > V2 -1

cp=-1+ /2+é

b, >0
cp>V2-1

1
a1=1andb1=2,soc1=5

a2=5andb2=12,soc2=15—2

a3=29andb3=70,soc3=%

Therefore % <2< 241
—+1 70

70

140 99
9—9<\/§<%
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Question 8

Bl | Checkthecasen =1
M1 | Attempt to relate the casen = k + 1 tothecasen =k
Al | Deduce that the result holds in the case n = k 4+ 1 ifit holds in the casen = k
B1 | Conclusion of proof by induction.
Subtotal: 4
Bl | Observe that all values in both sequences are positive.
Bl | Checkthecasen =1
M1 | Attempt to relate thecasen = k + 1tothecasen =k
Al | Deduce that the result holds in the case n = k + 1 if it holds in the casen = k
B1 | Conclusion of proof by induction.
ALTERNATIVE
B1 | Observe that all values of a,, are positive.
M1 | Inequality between consecutive values for b,
Al | Repeated application of inequality.
B2 | Conclusion clearly justified.
Subtotal: 5
B1 | Deduce formula satisfied by c,
M1 | Find equation satisfied by limit of sequence.
Al | Solve quadratic.
Al | Justify choice of positive root.
Subtotal: 4
M1 | Write ¢, 44 in terms of a,, and b,
M1 | Find expression for ¢, 41 — C,
Al | Conclude that the sequence is decreasing.
Al | Explain why this shows that ¢, > V2 — 1
ALTERNATIVE
M1 | Solution of quadratic.
Al | Choice of positive square root.
Al | Observe thatb, >0
Al | Clear explanation that c,, > 2 — 1
Al | Conclude required inequality
M1 | Calculate c3
Al | Deduce required inequality.
Subtotal: 7
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Question 9

(i)

(i)

. i d
Horizontal speed = u cos a, therefore the particle passes through P after P M1 A1

seconds.

Vertically:
Initial speed = u sin a, acceleration = —g, displacement = d tan §5.

. d 1 d \?2
dtanﬁ =ushha (ucosa) _Eg (ucosa)

dzg 2
dtanf = dtana—ﬁsec a

2 _  dgsec’a

y?2 =_agseca
2(tan a—tan )
. . . du
u will be as small as possible at a point where s 0:

du _ 2(tan a—tan p)(2dg sec? a tan a)-dg sec? a(2sec? a)

2u

da 4(tan a—tan B)2
2u du _ 2dgsec? a((tan a—tan B)(2 tan a)-sec? a)
da 4(tan a—tan B)2

Therefore Z—Z =0if (tana —tanB)(2tana) — sec?a = 0
(tana —tanB)(2tana) —tan?a — 1 =0
tan?a — 2tanatanf—1=10

tan? a—1 tan? a+1 _ sec’a

Sotanf§ = andtana —tanf =

2tanca 2tana  2tana

2 _ dgsec’a
— _(sec?a
2(2 tan a)

tanf = = —cot2a
tan 2a

Therefore u =dgtana

The graph of y = — cotx is a translation of the graph of y = tan x by 90(°)

horizontally.
a must be greater than .
Therefore 2a = f§ + 90°

When the particle passes through P:
Horizontal velocity is u cos a

gd
ucosa

Vertical velocity is u sin a —

Therefore if the angle to the horizontal is y, then

. gd
usina— d
tany = ucose — tan g — L sec? a
ucosa u
Sinceu? = gdtana: tanatany = tan® @ — sec’ a = —1

Therefore y = a — 90° (or (90 — a)° below the horizontal).
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Question 9

M1 | Use of constant horizontal velocity to determine time passing through P.
Al | Correct expression for time.
M1 | Uniform acceleration formula.
Al | Correct equation.
M1 | Attempt to differentiate either u or u? with respect to
M1 | Application of quotient rule.
Al | Correctly differentiated.
M1 | Set derivative equal to 0.
Al | Rearrange to get formula for tan 8
M1 | Substitute to get expression for u?
Al | Fully correct justification.
M1 | Observe relationship between tan § and cot 2«
M1 | Reference to the relationship between the two functions.
Al | Correct relationship, fully justified.

Subtotal: 14
B1 | Calculation of vertical velocity through P (must be in terms of «)
M1 | Division of two velocities to get tan of required angle.
Al | Simplified form.
M1 | Substitution of result from part (i)
Al |tanatany = —1
Al | Removal of tan functions.

Subtotal: 6
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Question 10

(i)

(i)

(iii)

(iv)

Conservation of momentum:
mu = mv + Amu,

Law of Restitution:

u —v=eu

Eliminating v:

u—(u—Auy) =eu

w1+ =>0+e)u
_ 1+te

U, = —
17142

For the first collision with particle n (n > 1):
A lmu, = A" o, + A"mu,
Up-1 = Vp—q1 + AUy

Un = Vp-1 = €Up—1

Eliminating v,,_1:
Up_q = Uy — €UH_1 + Au,

A+e)u s =u,(1+2)

1+e\"
Therefore u,, = (m) u

v = (m)”‘l w—-1(29)"y
n=1 7 \142 1+4

14e\"1 yl
= (L)' (1 - 2029

1+2 1+4
- () ()"
T \1+a/ \142
Sov, = (—1_6/1) (ﬁ)n u

T N14a/ \142

1+ .

If e > Athen (ﬁ) > 1, so vy 41 > vy for every choice of k and so there cannot
be any subsequent collisions.

If e = A then all particles will have the same velocity after their second collision.
v,=(0—-e)u
The Kinetic Energies of the particles after their second collisions will form a
. . o e 1 .
geometric series with first term Em(l — e)?u? and common ratio e.

1
sm(1-e)?u?
Therefore the sum will approach % = %m(l —e)u?

I 1 .
The initial KE was Emuz, so the fraction that has been lost approaches e.

If Ae = 1 then all particles stop after their second collision.
All of the energy is lost eventually in this case.
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Question 10

B1 | Correct equation.
B1 | Correct equation.
M1 | Attempt to eliminate v
Al | Reach given equation correctly.
M1 | Consideration of conservation of momentum for nt"* collision.
Al | Simplified form.
Al | Correct equation for u,
M1 | Substitution to find v, _4
M1 | Simplification.
Al | Adjustment to get v,
Subtotal: 10
M1 | /14e
() >1

M1 | Relationship between velocities.
Al | Clear explanation why this implies no further collisions.

Subtotal: 3
M1 | Comment that all velocities will be equal.
Al | Correct common velocity stated.
M1 | Identify that the KEs will form a geometric series.
Al | Sum to infinity.
Al | Clear justification that fraction of KE lost approaches e

Subtotal: 5
B1 | Observation that all particles stop.
B1 | All KE lost (fraction lost = 1)

Subtotal: 2
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Question 11

Forces at A:

Reaction force R4 (perpendicular to the slope) B1
Frictional force F, (parallel to slope, towards O)

Forces at B:

Reaction force Ry (parallel to slope) Bl

Frictional force Fy (perpendicular to slope, away from O)
Since equilibrium is limiting at both A and B:

B1
F, = Rytany and Fg = Rgtany
Resolving paral!el to the slope: M1 A1
Rytany + Wsina = Rp
Resolving perpendicular to the slope: M1 A1
W cosa = Ry + Rgtany
Eliminating W: M1
W sinacosa = Rgcosa — Rgtany cosa = Ry sina + Rgtany sina M1
Rytana + Rgtanatany = Rg — Ry tany M1
__1-tanatany _
4= nartany Rg,soRp =tan(a +y) Ry Al
Taking moments about the centre of the rod: M1 M1
LcosfB R+ LsinfRgtany + LcosB Rytany = Lsin B Ry Al
SoRp + Rptanftany + Rytany = Ry tan f M1 M1
Therefore:
M1
tan(a +y) +tan(a + y)tanStany + tany = tanf
_ tan(a+y)+tany
tanf = Ttant@iany tan(a + 2y) M1
Therefore f = a + 2y + nn M1
Since ¢ < f and B is acute, f = a + 2y. Al AG
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Question 11

B1 | Identification of the forces at A (may be implied by later work).
B1 | Identification of the forces at B (may be implied by later work).
B1 | Use of limiting equilibrium at both points.
M1 | Resolve parallel to slope.
Al | All correct.
M1 | Resolve perpendicular to slope.
Al | All correct.
M1 | Elimination of any one variable from equations.
M1 | Manipulation of trigonometric functions (may occur later in solution).
M1 | Use of tan(A4 + B) (or equivalent) formula (may occur later in solution).
Al | Correct relationship between two reaction forces.
M1 | Take moments about centre of rod (at least 2 correct)
M1 | Moments about centre of rod (at least 3 correct)
Al | Fully correct.
M1 | Cancel L from the equation.
sin @
M1 Apply tan 8 = g
M1 | Eliminate so that W, R4 and Ry are not present in the equation.
M1 | Rearrange to apply tan(A + B) formula.
M1 | Full solutions to tan equation just reached.
Al | Deduce relationship between a, § and y, explaining why it can’t be any of the others.

Subtotal: 20
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Question 12

(i)

(i)

The probability that any one participant will choose the correct number is %

N
Therefore, P(No participant picks the winning ticket) = (1 - %)

N
The expected amount that will need to be paid in prizes is (1 - (1 - %) )].

N
Therefore the expected profit is Nc — (1 - (1 - %) )]-

Therefore the expected profit is approximately Nc — (1 - i)]

If 2Nc = ] then the expected profit is (% -1+ i)] < 0, therefore the organizer

will expect to make a loss.

The probability of picking a number between 1 and N is
YN X5+ (1—yINx 2=
ay+b—-by=1
If the number that is drawn is popular then the probability that no participant
N
will choose it is (1 - 2)
N
If the number that is drawn is not popular then the probability that no
N

participant will choose it is (1 - %)
The probability that no participant chooses the winning number is therefore:

a\V p\N
r(1-3) +a-n(1-3)
The expected profit is therefore

a\V b\N

NC—(l— r(1-3) —a-n(1-3) )f

which can be approximated to

Ne—(1—ye*—(A-y)e?)=yle v+ (1 -y)eP+Nc—]

Ify=l,theng+2= 1.1fa = 9b, then b =1
5 8 8 8 2

a=-

2
If 2Nc = ], then the profit will be:

9 1 9 1
Y+ ez —Ne = E(e_i +7e 22— 4)
4 4 4

9 1 1
e 2+7e 2—4=e2(e*+7)—-4 >73£—4,sincee <3
2
(73—\@) = % > 16, so % — 4 > 0, meaning that the organiser will expect to

make a profit.
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Question 12

M1 | Identification of the probability of choosing the winning number.
Al | Correct probability that no participant chooses the winning number.
M1 | Expected amount to be paid out.
Al | Correct expected profit.
Al | Use of approximation.
Al | Justification that organizer will expect to make a loss.
Subtotal: 6
M1 | Consideration of probability that the number chosen is between 1 and N.
Al | Correct relationship.
Bl | Correct probabilities of no winner for both cases.
M1 | Find probability that no participant chooses a winning ticket.
Al | Correct probability.
Al | Correct expected profit.
M1 | Use of approximation.
Al | Simplification to required form.
Subtotal: 8
M1 | Substitution and attempt to solve simultaneous equations.
Al | Values of a and b correct.
M1 | Profit calculated in the case 2Nc =]
M1 | Rearranged and use of e < 3
M1 | Attempt to show that the expected profit is positive.
Al | Fully clear explanation.
Subtotal: 6

29




Question 13

s1=0 B1
If the 7" slice is to be used to make toast then either

the (r — 1)t" slice was used as the second slice for a sandwich (probability s,,_;) M1
the (r — 1)t slice was used for toast (probability t,_)
The probability that the next slice is used for toast is p.

Therefore t, = (Sp_1 + tr_1)p Al

The rt" slice being the second slice for a sandwich is equivalent to the (r — 1)t
slice being the first slice for a sandwich, so the probability that the (r — 1)t slice M1 M1
is the first slice for a sandwich is also s,

Since there are only three possibilities for the use of a slice, s,_1 + t,_1 + s, =1

andsos, =1—(s,_1 +t_1) Al
Valid for r = 2 as the reasoning only refers to the previous slice. B1
Formula for ¢, is not valid for r = n as the final slice must be toast.
Sp_1+tp_1=1—s,550t.=p(1—s,) M1
Therefores, =1 — (Sr—1 +p(1 - Sr—l)) M1
Sr=1=8_1—-p(A—=5_1)=0-p)(A —57-1)
Sr=q(1—sr_1) Al
51 = a+a) _ 0, which is correct. B1
1+q
—_ak
Assume that s, = D)
14q
a+(=*
Thensii, =¢q (1 - W) M1
_(1+q-q-(-*\ _ q+(-g)F*!
s = q () =50 -
Therefore, by induction, s, = %fcr 1<r<n-1 B1
pPSr =p—tr M1
_ (et _
Thereforet, =p p( 1q )forlSrSn 1 Al
_ 4 _ [atpm Tt (et
Sn =1 ( 1+q tp p( 1+q )) M1
—{—p—(1—p) (D"
sn=1-p—-(1 p)( Tra )
- —g)n-1 _
= a(+@)-aq(a+O™Y) _ g+ Al
1+q 1+q

Since the last slice must either be the second slice of a sandwich or toast:

t=1— g+" _ 1-(=q" M1 A1l

= =

1+q 1+q
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Question 13

B1 | Correct value.
M1 | Identification of the two possibilities.
Al | Clear justification of the equation.
M1 | Identification of the probability that it is the first slice of a sandwich.
M1 | Identification of the three possibilities in general.
Al | Clearjustification of the equation.
B1 | Clear justification of the ranges for which the equations are valid.
Subtotal: 7
M1 | Rearrangement.
M1 | Substitution.
Al | Correct equation.
B1 | Check first case.
M1 | Relate case k + 1 to case k.
Al | Show that the correct formula follows.
B1 | Complete proof by induction.
M1 | Use relationship between s and t.
Al | Correct equation, including range for which it is valid.
Subtotal: 9
M1 | Substitute into formula for s,
Al | Correct formula.
M1 | Observe thatt, =1—s,
Al | Correct formula.
Subtotal: 4
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STEP 11 2017 Mark Scheme

Question 1
1
o L= Iarctanx x"dx M1 Use of intgrn. by parts (parts correct way round)
0
1
xn+1 1 1 xn+l
= | arctanx. - J > dx Al Correct to here
n+l1 o 1+x” n+l
0
r 1 1 x"
- S S
4 n+l n+lyl+x
T 1 xn+l
= (n+1I,= e J.l —dx Al Given Answer legitimately established 3
o1+ X

(i)

(iii)

1
Settingn =0, Ip= %— I 1 al -dx M1 Attempt to solve this using recognition/ substitution
+ X
0

= —— Lln(1+x2)] M1 Log integral involved

2

~1In2 Al CAO 3

(n+3),+2= z_ J al > B1 Noted or used somewhere
4 l+x
o oex" M1+ x?
n+3),2t+t(m+ DI, = 2 J T dx M1 Adding and cancelling ready to integrate
0 +x
1
= %— : Al CAO 3
n+

Setting n = 0 and then n = 2 in this result (or equivalent involving integrals):

1 1

3h+Ih=2~= and 5I,+3h=2—— M1
2 2 2 4

Eliminating /; and using value for /; to find /4 M1 By subtracting, or equivalent
1= %(l +7—2In 2) A1l FT from their [, value 3
Forn=1, 5[,= A-1(-1+1)=A+1

= 4+47—75In2 M1 Comparing formula with found /4 value
and the result is true for n = 1 provided

A= tr—1In2 Al FT from their /4 value 2
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2k
Assuming (4k + Digys1=A- 1) (=)' =
r=1 r

Bk + S agra+ Bk +3)ag 2= ——

(4k+ 3)14k+2 + (4k+ 1)14k_ ——

Subtracting:

(4k + 5)I4k+4 = (4k + 1)I4k +

T
2
T

1

1
4k +4
1

2 4k+2

Ak +
1
vt
1

|
2 4dk+4
1

4k+2_4k+4

( 1)21\+1

1

k+1

33

_%(_1)2k+2

M1 For a clearly stated induction hypothesis

(or a fully explained “if ... then ...” at end)
B1

B1

M1

M1 Use of assumed result

b
2k+2

A1l A clear demonstration of how the two extra

terms fit must be given 6



Question 2

Letx,=X Thenx,.=

p aX —1 1
aX -1 X+b

d Xpin=
e e (wm}
+b
X+b

M1 A1 Correct, unsimplified

(a> —1)X —(a+b)

1.6 Xp42= > M1 Attempt to remove “fractions within fractions”
(a+b)X +(b"-1)
A1l Correct, simplified 4
()  If x,+1=x, then aX—1=X>+bX M1
= 0=X>—(a-b)X+1 Al

(i)

If x,+,=x, then
(@=DX-(a+b)=(a+b) X+ -1X Ml

= 0=(@+b){X*—(a-b)X+1} M1 A1 Factorisation
and so, for x,.12=x, but x,+1#x,
we must have a + b =0 Al Given Answer fully justified & clearly stated
(No marks for setting » = —a, for instance, and showing sufficiency)
For “comparing coefficients” approach (must be all 3 terms) max. 3/4 6
2
-1 —(a+b
Xp+4= (@ )% (a2 ) M1 Use of the two-step result from earlier
(a+Db)x,,, +(b"~1)

+bh)X +(h* -1
_ (a+b) ( ) Al Correct, unsimplified, in terms of X

@ _1){@2 —1)X—(a+b)}(a+b)

(a+b){(a2 _I)X_("fb)}(bz -1)

(a+b)X +(b*-1)

If x,+4=x, then M1 Equating
(@-1D)X-(a+b)(@-1)—(a+b’X—(a+b)(b*-1) A1l LHS correct

=(a+0b)(@-DX*—(a+by’X+(a+b)(b*—1X*+(b*—1)’X A1l RHS correct
= 0=(a+b)(@+b-2)X*—[(d*— 1)’ = (B* - 1)*IX+ (a + b) (a* + B* - 2)
M1 Good attempt to simplify
= 0=(@+b)(+b-2) {X*—(a-b)X+1} M1 Factorisation attempt
Al A1l Partial; complete
and the sequence has period 4 if and only if
+b=2 a+b#0, X*—(a-b)X+1%0 B1 CAO Correct final statement

[Ignore any discussion or confusion regarding issues of necessity and sufficiency]

NB Some candidates may use the one-step result repeatedly and get to x, + 4 via x, + 3:

(@’ —2a—b)X —(a* +ab+b* 1) ax, ;—1
5 > ——and x,+4= ——
(@ ++ab+b”-1)X —(a+2b+b") X .,+b

10

Xp+3= starts the process; then as above.
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ALT. Consider the two-step sequence {... , X, ,X,+2,X,+4, ...} given by (assuming a + b # 0)

2 J—
; bl jX o
+ —
Xp 42 = ¢ = , which is clearly of exactly the same form as before.
Y ( b - 1j X+B

a+b

Then x,+4=2x, ifand only if a + b =0, X2 (a—b)X+1=#0 (fromx,+4#Xx,+2 and
Xn+4 # X, as before), together with the condition 4 + B =0 (also from previous work);
a’-1 b*-1

+ P
a+b a+b

1.€.

=0, which is equivalent to a® +b>—~2=0 since a + b # 0.

Note that it is not necessary to consider x, + 4 # X, + 3 since if x,, + 4 = x, -3 = X then the sequence
would be constant.
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Question 3

(i) siny=sinx = y=nx+(-1)"x

n=-1: y=—7—X B1
n=0: y=x B1
n=1: y=r—Xx B1 Withhold final B mark for any number of extra eqns.
y
V4 B1 n =0 case correctly drawn
B1 n =1 case correctly drawn
X
-7 T X
B1 n={1 case correctly drawn
Withhold final B mark for any number of extra lines
-7 Ignore “endpoint” issues 6
.. S dy | s .
(ii) siny= 3sinx = cOSy 2 COS X M1 Implicit diffn. attempt (or equivalent)
dy cosx
= =" Al Correct
dx 2cosy
= cosx or cosy Al Correct and in terms of x only 3

2y/1-1sin® x V4 —sin? x

1 _1
d’y (4—sin2 x)z.—sinx—cosx.%(4—sin2 x) 2. —2sinxcosx

dx? 4—sin* x

M1 For use of the Quotient Rule (or equivalent)
M1 For use of the Chain Rule for d/dx(denominator)

Al

—sinx(4 —sin’ x )+ cos’ x.sin x . .

= ( ) 3 M1 Method for getting correct denominator
(4 —sin? x)2

sin x{cos2 x—4+sin’ x}

- —
(4 —sin x)2
—3sinx .

= A1l Given Answer correctly obtained from ¢* + s> = 1

(4 —sin® x)2 5
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(iii)

Initially, b + at (0, 0) increasing to a maximum

2

N d7y
at (£ ,% ) since o <0

B1 (Gradient and coordinate details unimportant unless
graphs look silly as a result)

B1 Reflection symmetry in x = £

B1 Rotational symmetry about O

B1 Reflection symmetry iny =+ %

B1 RHS correct

B1 LHS correct

37



Question 4

) Setting f(x) = 1 in (¥) gives

U g(x) d"Jz U 1®J[j[g(x) J B1 Clearly stated

Let g(x) = ¢" : U j <(b- a)[ j J M1
= (e e“)z <(b-a) 4 -e)
( —e) ( e“Xeb +e“)

= ¢ e”S%(b a)(e +e?) Al
Choosing a =0 and b = ¢ gives M1
t t e[ -1 1 . .. .
e —1<1t (e + 1) = — " <5t Al Given Answer legitimately obtained 5
e’ +

(ii) Setting f(x) =x,a=0and b =1 in (¥) gives

Ux g(x) dxj < (j.xz de(j.[g(x)]2 dxj B1 Clearly stated

12
Choosing g(x)=¢ * gives M1

_L271 L_1.2
{— 2e ¢ } <4 J.e 2 dx Al A1 LHS, RHS correct
0 0
Lo_12 1 z
= [e? dx23(—2[—e 4+1D
0
Lo_12 _1)?
1.e. je 2 dx> 12(1 —¢ 4} Al Given Answer legitimately obtained 5
0
(iii) Withf(x)=1, g(x) = vsinx ,a=0,b= 17, M1 Correct choice for f, g (or v.v.)
(*) becomes M1 Any sensible f, g used in (*)
2 L
27 27
I\/sinxdx <irm J.sinxdx Al
0 0
1
RHSis 17 [-cosx] =1z

0

1

(and since LHS is positive) we have J.«/sinx dx < \/%
0

A1l RH half of Given inequality obtained
from fully correct working 4
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With f(x) = cos x, g(x) = ¥sinx ,a=0,b= {7, M1 Correct choice for f, g (or v.v.)
(*) gives

1 2 1
2 2

1
27[

J.cosx.(sinx)idx < jcoszxdx J‘\/sinxdx Al
0 0

0

T

5
LHS = [% (sinx)* } =1 M1 A1 By recognition/substitution integration
0
lﬂ' l/[
2 2
and jcoszxdx= J.(%+§cos2x)dx M1
0 0

2

ir Al

Giving the required LH half of the Given inequality:
1
2

L .
B<ix J-\/sinxdx ie. J-\/sinxdx226—4 6
0 0

Y4

Withhold the last A mark if final result is not arrived at
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Question 5

_w_2a_1

@

de & 2ar ¢

ds
= Grad. nml. at P is —p
= Eqn.nml. to Cat Pis x—2ap =—p(x — ap”)
Nml. meets C again when x = an’, y =2an
= 2an=—pan*+ ap(2 + p*)
= 0 =pn*+2n-pR2+p)
= 0 =@-p)pn+[2+p’)
2+ p’
p

at N

Since n = p at P, it follows that n=—

! ( 2)
1e. n=—| p+—
p

Distance P(apz, 2ap) to N(anz, 2an) is given by
PN*= [a(p2 — nz)]z + [2a(p - n)]2
= a*(p—m>{(p+n)’ +4|

32

2 2 2 2 3
_ 16az(pp+lj {1+pp }: 16612(1191;;1)

(i)

d(PN?) 1l6a? d(p>+3+3p~+p™)
dp dp

= 16(12(2p—6p_3 —4p_5)
6_ 2_
=322 7P 7= 3§’ 2
p

_ 3;212 (»’ +1)2[p2 _2]

Note that ——=

M1 Finding gradt. of tgt. (or by implicit diffn.)

Al
B1 FT any form, e.g. y =—px + ap(2 + p°)
M1 Substd. into nml. eqn.

M1 Solving attempt

Al Given Answer legitimately obtained 6

M1

M1 Substituting for n

A1l Given Answer legitimately obtained 3

M1 Differentiation directly,

or by the Quotient Rule
Al Correct, unsimplified

dp
_ 324

3 -

PN’
dPN7) =0 only when p*=2
dp
Justification that it is a minimum
: .. . d(PN’
(either by examining the sign of %
p

or by explaining that PN? cannot be maximised

40

d(PN?) _ 166{2{19“.3(}72 +1)2.2p—(p* +1)3.4p3}
8
P

p’(p? +1)2[3p2 -2(p’ +l)] by the Quotient Rule

Al Given Answer fully shown

E1l



(iii)

Grad. PQ is

p+q
2

.2
Grad. NQ is or
n+gq 2
g—pP——
P

B1

B1

Since ZPON =90° (by “Z in a semi-circle”; i.e. Thales Theorem)

2 2
X > =-1
+
prq g-p-—
p

= 4=(p+q)(p—q+£J=p2—q2+2+2—q
P p

= 2=p2—q2+2—q

PN minimised when p° =2 = ¢* = 29

= g=0 or q=£=ix/§
p

But ¢ = +4/2 = ¢ = p (which is not the case)

M1

Al Given Answer legitimately obtained 4

M1 Substituted into given expression

Al

E1 Other cases must be ruled out

Special Case: 1/3 for substg. ¢ = 0 and verifying that p* =2 3
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Question 6

(i)

Whenn =1 Clear verification.
S;=1<2V1i-1 B1
Assume that the statement is true whenn = k: B1 Must be clear that this is
S < 2Vk —1 assumed.
Then Linking Sy +1 and S
1 M1
Sk+1 =Sk +
T kv L
1 .
<Vk—14+ M1 Using assumed result
vk +1
Sufficient to prove: M1
2Vk -1+ <2Vk+1-1
\/_
ie.2vk(k+1D+1<2(k+1) Al Multiplying by vk + 1 or
putting over a common
denominator
ie.2k(k+1)<2k+1
i.e. 4k? + 4k < 4k*> + 4k + 1 Al
Which is clearly true. Therefore by induction the statementis | B1 Clear conclusion showing logic
true foralln > 1. of induction.
(8]
(if)
Required to prove: Squaring given inequality
(4k + 1)?(k + 1) > (4k + 3)°k M2
i.e. 16k3 + 24k? + 9k + 1 > 16k3 + 24k? + 9k Al
which is clearly true.
[3]
Whenn = 1: M1
1
S=1=22+ 5~ c
So we need ¢ > % Al
Prove c = %works using induction M1
Assume holds whenn = k: M1 Allow a general c.
1 3
Se=22Vk+——=—=
* 2k 2
Then M1
1
S > 2Vk +
e = v— zf Vk+1
Sufficient to prove Al
1
2V + —— c22Vk+ 1+ ——e—
2\/_ \/ 2Vk +1
e 4kvk+1+Vk+1+ 2\/_ k> 4vk(k +1) +Vk A1A1
Which simplifies to the previously proved inequality. B1

. - . 3
No further restrictions on ¢, so the minimum value is ¢ = 5

[9]
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Question 7

®

(i)

(iii)

@v)

For 0 <x <1, xis positive and In x is negative
so 0>xInx>Inx

x In x In x

0
=>e>e " >e™ornl>hx">Inx

= (1>) f(x) > x since In is a strictly increasing fn.

Again, since Inx <0, it follows that
Inx<f(x) Inx<xInx

= Inx<In{g)} <In{f(x)}

= x< gl < fiv

Forx>1,Inx>0andso x < f(x) <g(x)
In{f(x)} =xInx

L.f'(x) Cx Ly e f'(x) = (1+Inx)f(x)
f(x) X

f'(x)=0 when 1 +Inx=0, Inx=—-1, x=¢" '

L (09) = Lo ) = L () =

x—0
%/g[ (s(x) = & m (xf(x)) - %’3’ (x]) =0

A, Lim (2(x)) = Lim (ef(x)lnx) - im (el"x) — im (x) =0
x—0 x—>0

x—0

For y= l+1nx (x>0),
X

...whenx=1

Forx=1-, Q<O and for x = 1+, d_y>0
dx dx

(1, 1) is a MINIMUM of y = lJrln)c
X

(Since there are no other TPs or discontinuities)
y2>1forallx>0

In(g(x)) = f(x) In x

L.g’(x) = f(x).l +Inx{f(x)(1+Inx)}
g(x) x

= g'(x)= f(x).g(x){% +Inx+(In x)z}

> £(x).g(0){l+(Inx)*}
>0 since f, g > 0 from (i)
and 1 +(Inx)*>1>0

43

B1

M1 Suitably coherent justification
Al Given Answer legitimately obtained

B1 No justification required 4

M1 Taking logs and attempting implicit diffn.
Alt. Writing y = ¢* ™~ and diffg.

Al
Al 3

B1 Suitably justified

B1 May just be stated

M1 Diffg. and equating to zero
A1l From correct derivative

M1 Method for deciding

Al

Conclusion must be made for all 4 marks 4

M1 Taking logs and attempting implicit diffn.
Al using f'(x) from (ii)

M1 using previous result of (iv)

4

Al Given Answer fully justified



B1 One of f, g correct ...
B1 Both correct ...
... relativeto y =x

B1 All three passing thro’ (1, 1)
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Question 8

Line thro’ 4 perpr. to BCis r=a+ Au B1
Line thro’ B perpr.to CAis r=b+ uv B1
Lines meet when (r=p=)a+Au=b+uv M1 Equated
= v=l(a—b+/1u) Al
U
Since v is perpr. to CA4, (a—b+/1u)-(a—c)=0 M1

= (a—-b)e(a—c)+ Aue(a—c) =0

= 2=t
- p=a+(—(b;?();(_ac_)c)ju

55=p—c=a—c+/1u
Attempt at CPe AB
= (a—c+u)e(b—a)
=(a—c)e(b—2a)+ Aue(b—a)
Now ue(b—¢)=0 since u perpr. to BC
= ueb=ue.c
sothat CPeAB = (a—c)s(b—a)+ Aue(c—a)
= (a—c)e(a—b+1u)
=0 from boxed line above

= CPis perpr. to AB

Notice that the “value” of

is never actually required

Al Correctly multiplied out

M1 Re-arranging for A

Al Correct (any sensible form)

A1l FT their A (if only a, b, ¢, u involved)

9

B1 FT their 4

M1

A1l Correct to here

M1
Al
M1 Substituted in

M1 A1 Factorisation attempt; correct

Al E1 Statement; justified

11

E1 For final, justified statement

Any candidate who states the result is true because P is the orthocentre of AABC may be awarded B2 for
actually knowing something about triangle-geometry, but only in addition to any of the first 3 marks earned
in the above solution: i.e. a maximum of 5/11 for the second part of the question.
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Question 9

(i)

Fy

W

00U F.r=F, .r Bl For correct moment equation.
= F= F]
Res. & F + Ficosf = Rsinf B1 For resolving horizontally for
one cylinder.
Together give Rsinf = F(1 + cosf) AG
Since Fy < u R, with u= 1, M1 Use of the Friction law
¢ follows fhat F <1 S sin @ <1 Al Combining with previous
R 1+cos@ answer
ie. 2sind< 1+ cosd AG
Subtotal:
4
(i1)
Res. T for RH cylinder W = N — Rcosé — Fsind Bl F1 might correctly be replaced
with F.
Res. T for plank kW =2Rcosé + 2Fsin@ B1
Eliminating W: M1 For eliminating W
k(N — Rcos@ — Fsin@) = 2Rcosf + 2Fsind
2 . 2 Al For correct rearrangement for
N =Rcosf| —+1 |+ Fsinf| —+1 N
k k
2 1+cos@ _ M1 1+
N = —+1) ———.cos@+sinf |F Foruse of R = _C—OSQF
k sin sin &
2 cosf+cos? O +sin’ 0 B1 Obtaining cos? @ + sin? @
N=|—+1 - F
k sin @
2 g+1 AG
= S| 2=
k sin &
For no slipping at the ground, F < uN M1 Using Friction equation
2 +1 Al Usin revious part
PRI ik 8 PrEvIoeP
k sin &
ie. 2k sinf@< (k+ 2)(1 + cosf) Al Rearranging into a “useful”

form.
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However, we already have that E1l Properly justified
2k sin@< k(1 + cos@) < (k+2)(1 + cosf)
so there are no extra restrictions on 4.
Subtotal:
10
(iii)
4sin’0 <1+ 2cos B + cos?6 M1 Squaring up an appropriate
trig inequality
4(1—cos?6) <1+ 2cosf + cos? 6
0<5cos?0+2cosf—3 M1 Creating and simplifying
0<(5cosf —3)(cosf+1) quadratic inequality in one trig
ratio
Since cos 8 = 0 we have cos 8 > % Al
For appropriate angles cos 6 is decreasing and sin6 is | E1 A graphical argument is
increasing. perfectly acceptable here.
N.b It is possible that
inequalities like 2s — 1 < ¢
are squared. If this is done
without justifying that both
sides are positive then
withhold this final E1.
Therefore sin 8 < g AG
sinfg = r—ad 81
”
So Sr—5a<4r M1 Combining with previous
result
r<5a AG
Subtotal:
6
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Question 10

ma=F — (4" + R) B1 Clear use of N2L
d M1
WD = [ F dx
0
d AG
= I(ma + AV + R)dx
0
. Y Bl
Since a =v—
dx
x=d , M1 Attempting to change variable of
WD = I(ma + Av” + R) —dv integration.
2o dv
x=d
= J(ma+Av2 +R)—dv
x=0 a
Using Vv =u*+2as withv=w,u=0,s=d = Bl Justifying limits. Ignore absence of
w=+2ad +
Therefore: AG
" ma+ AV +R)v
wp= | ( ) dv
v=0 a
[5]
(i)
A A [2ad M1 Performing integration
WD=|\m+—|—+
a)?2 4a 0
R Al Correct answer in terms of d.
= (m + —)ad + Aad’?
a
For second half-journey, B1B1 B1 for correct limits
0 (_ ma+ Av: + R)v B1 for correct integrand
wD= | dv
" —a
=—mad+ Rd + Aad’ Al
Summing gives 2dR + 2Aad’ AG N.b. integrals may be combined to
get to the same result.
R>ma = F=Av+ R —ma> 0 always El
(6]
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(i)

If R <ma then F is zero when AV’ = ma — R

. ma—R
ie. when v=71 =
A
For F to fall to zero during motion, V' <w

-R
ma <2ad ie. R>ma—2Aad

i.e. when

In this case, WD = mad + Rd + Aad" ,
as before, for the first half-journey

—ma+ Av* +R)v
( )

—a

dv

4
For the second half WD = J.

],

2a 4da

2
:L(ma_R)[ma—Rj_i(ma—Rj B
2a A 4a A

1 A (22
Z(ma—R)(2ad)+4 (4a d )

a

= z%‘la(ma—R)2 _4_ila(ma_R)2 —(ma—R)d +
Aad’
b

(ma—R)* — mad + Rd + Aad”
4A4a

So total WD = L(ma ~R)’ + 2Rd + 24ad”
44a

Bl

El
El

Bl

M2

Al

M1

A1 CAO

AG

E)

Finding an expression for the
critical speed.

Substituting expressions for V and
w.

Without wrong working
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Question 11

(i)

AtA,KE=%mu2 =§mag,PE=O B1
AtA,K = %va,PE = 2mag Bl
Conservation of energy: M1
5 1, 42
—mag = -mv ma
29 =3 g
v? = ga
v=.,ga Al
(4]
If angle at A; is § and it just passes the second wall then we
have:
Ozvsinet—lgtz M1 Usings=ut+%at2
2
sot =2sing Al Solving for t at second
g wall.
Also,a =vcosfit M1 Considering horizontal
distance
_ 2v?sinf cos 8 N.b. Some candidates
- g may just quote this (or
equivalent). Give full
credit.
= 2asinf cos f§ Al Combining previous
results.
Sosin(28) =1 Al
Therefore § = 45° AG Condone absence of
domain considerations.
[5]
x velocity is constant so
ucosa = vcos f§ M1 Comparing x velocities
1 Al
Jb5agcosa = .,/ag—
9 g 2
1
cosa = —
V10
. 3 Al Converting to a more
sina = —,tana = 3 .
V10 useful ratio.
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Method 1: M1 Using s = ut + = at?
3 1 2
2a =,/5ag —t — = gt?
9 70 2 9
B 3)/ag . 1 .2
So
3v2a 4a
Z— t+—=0
N
2a 2a
- [—{t—-2|—|=0
9 g
First time over the wall means that t = \/% Al
1 2a Al
Sod =ucos 0t =,/5ag Xﬁx\/;_a
Method 2: M1 Using trajectory
et gx?sec’a equation
y=xtana 2
3 x? Al Combining with
Za=3x - a previous results
(x—a)(x—2a)=0
X=a Al
[6]
If the speed at h above first wall is v then by conserving M1
energy,
1 1
—5ag =-v?+ (2a + h)g
2 2
v? =ag —2gh B1
Using trajectory equation with origin at top of first wall and M1 Use of trajectory
angle B as particle moves over first wall: equation (might be
3 gx*(1 +tan? B) several kinematics
y=h+xtanf - 2 equations effectively
When x = a we need y = 0: leading to the same
2 2 .
ga“(1 +tan* B) thing)
0O=h+at -——
a tanf 502
Treating this as a quadraticin tan f3: M1 Considering the
2 2 ;
ga ) ga® quadratic (or
—ﬁtan ﬁ+atanﬁ+h——2v2 =0 equivalently
—ga?tan? B + 2av?tan B + 2hv? — ga®? = 0 differentiating to find
The discriminant is: the max)
4a?v* + 4ga?(2hv? — ga?)
= 4a%(g?*(a? — 4ah + 4h?) + 2g%h(a — 2h) — g%a?)) Al Obtaining a clearly

= 4a’g?(a? — 4ah + 4h? + 2ah — 4h? — a?)
= —8a3g%h
<0
Therefore no solution.

negative discriminant —
this might take many
alternative forms.

[5]
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Question 12

(i) B2
n
P(X+Y=n) =ZP(X:r)(P(Y=n—r)
r=0
i e—?x;\r e—p.un—r Bl
= X —
I -
& 1! (n—r)!
et o a!l M1 Attempting to manipulate
= ATt factorials towards a binomial
n! r'(n—r)!
= coefficient
e~ Ae—H 1 n Bl Identifying correct binomial
— Z (r) AT coefficient
r=0
e~ @A+ . B1
=—0 @+
Which is the the formula for Po (A + u) El Recognising result. Must state
parameters
(71
(ii)
PX=r)xPY =k—-1) M2 (may be implied by following
PX=rlX+Y=k)= .
( | ) P(X +Y = k) I|ne)
e—lllr 9 e—u‘uk—r Al
! (k—1)!
)
e
A+ f
3 k! ( A )T< U )k—T Al
Crl(e—=r)!\ A+ \A+upu
Whichis a B (k, L) distribution. E1l Parameters must be stated.
A+u
[5]
(iii) This corresponds to r=1, k=1 from (ii) M2 Can be implied by correct
answer.
ility is —2— Al
So probability is Tin
(iv) [31
Expected waiting time given that Adam is first is waiting time | B2 Also accept waiting time given
for first fish plus waiting time for Eve (= N l) Eve is first. Must be clearly
Au identified.
Expected waiting time is: M2
E(Waiting time| Adam first)P(Adam first)+E(Waiting time | Eve
first)P(Eve first)
S s ) A () Al
_(A+u + u) X A+u + (/’l+p¢ + /’l) X A+u
_1 4 1 1 No need for this algebraic
A u Aty simplification.
[5]
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Question 13

(i)

h 1 1\t M1A1 | M1 for any attempt relating to
P(correct key on k™attempt) = I~ (1 - E) the geometric distribution —
e.g. missing first factor or
power slightly wrong.
= pqk1 Although not strictly necessary,
Wherep =<,g=1-1 you may see this substitution
n n
frequently
Expected number of attempts is given by M1 May be written in sigma
p + 2pq + 3pq? ... notation
=p(l+2q+3¢>..)
=p(l—q)2 M1 Linking to binomial expansion
_p_1
p> p
=n Al
[5]
(i)
P(correct key on k'™hattempt) = %for k=1..n Bl
Expected number of attempts is given by M1
1 2 3 n
—+—t—t—
n n n n
_n+1 M1A1 | M1 for clearly recognising sum
o2 of integers / arithmetic series.
(4]
(iii)
P(correct key on kthattempt) M1 M1 for an attempt at this,
n—1 n n+1 1 Al possibly by pattern spotting the
= X X o X :

n n+1 n4+2 n+k—1 first few cases. Condone
absence of checking k = 1 case
explicitly.

_ n—1 M1 M1 for attempting telescoping
T (mt+k-2)(n+k-1) AG (may be written as an
induction)
— (- 1)( -1 + 1 ) M2 Attempting partial fractions
B n+k—1 n+k—-2 Al (This may be seen later)
[6]
Expected number of attempts is given by M1
c k k
D e R ),
( )1 n+k—-2 n+k-1
1 1 2 2
e K
(n )[n—l n+n n+1
(v 79
n+1l n+2/7
1 1 1 i i
—(n-1) [ +I4 ] M1A1 | M1 for attempting telescoping
n—1 n n+1
oo n—-2 B1
1 1
“o-n(3-37)
T r
r=1 r=1
In the brackets there is an infinite sum minus a finite sum, so El

the result is infinite.

[5]
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STEP 111 2017 Mark Scheme

Question 1
. 1 1 (n-D'r! __nir!
(i) nHr=ic - e T (par—1)! (n+r)! M1
_ (n=-D! 7! [(n+r)-n]
(n+r)!
— n-D!r'r M1
(n+r)!
r+1 1 1 _r+1(n—1)!r!r
Tor n+r—1Cr n+rCr - r (n+7)!
_ (- r+1)! 1 *
- (m+7)! - n+rCT+1 Al (3)
r+1 1 1
Zn 1 n+rC = Zn 1 (-,H.-r_lcr' - _n+TCr) M1
r+1 1 1 1 1 1 1
= ( e,  THg, + i T T2 + TH2g T TR + ) M1
=™ 1 hecause "'C, >0 asn— E1
r "¢,
r+1
= Al (4)
o 1 o 2+1 1 3 4_1
Zn=2 n+2C2+1 - 2 1+2(:2+1 2 1 2 M1 M1 (2)
o+l . (@D (+Dn(n-1) _ n3-n n_3
(i) (s = (n-2)13! 3! o3l < 3! M1
3!
So ; nHic, A1 (2)
20 1 5! 120 120 120

nHe T 3 n(mi—-1) n(mE-DmZ—-4) n3

_ 120 2002 AN 2 (2 _ 2 _
= B mE-D(n?-1) (n?(n? —4)—n?—(n? - 1)(n*-4)) M1
—480

= mnm <0

as n = 3 and so denominator is positive. E1 (2)

1 5!

20
Hence, W, T wizg,

n3

Alternatively,
20 1 5! 5! 5!

nHC TR T a2 —1) nm2-1Dmi—4) nmZ-1Dn2-4

)x((n2—4)—1)

_5!>< n* — 5n? <5!
T3 T nt—5n2+4 nd

asn>3andso n®>5
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n=3 n=3 n=2
M1
o 3 _ 3 3,1 29
S0 Xn=1 n3 1 8 + 2 4
M1
w 1 29 _ 116
And therefore ZnﬂF <" o
Al* (3)
5 o/ 20 1 1 1 5
Z _3 > Z n+1C n+ZC = 20 E Z TL+4-C' = 10 _Z
n=3 n=3 5 =1
M1 M1
Therefore
51 35
n3 4

n=3

=1 35 1 1 7 96 12 115

Z - b=
8 96 96 96 96

w T axs Tt

n=1

M1 Al* (4)
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Question 2

(i) z2—a=¢e?(z—a) M1

Thus z' = a+ ez —elfq = eiez+a(1—ei6) Al* (2)
(i) z" = e"z' + b(1—e'®)

= el® (eiez +a(1- eie)) +b(1—e) M1A1L

So z"" = el@+0); 4 (aeiq’ —ael@+®) p p bei"’)

This is a rotation about c¢ if

c(1—el@*9) = gel¥ — qei@+9 + p —pel? M1

If ¢ +6=2nm, (1-e"@*9)=0, so ¢ cannot be found.  E1

—i(@+6)
Otherwise, multiplyingby —e 2,

i(p+6) —i(p+6) i(p+6) i(p-6) i(p-6) ~i(p+6)
cle 2 —e 2 |J=ale 2 —e 2 +ble 2z —e 2

2ci sin%(go +0) = 2aie’®/? sin%H + 2bie~i0/2 sin%<p M1

c sin%(go +6) = ael®/? sin%@ + be~i0/2 sin%go A1* (6)
If o+6=2nm,z" =2+ (ae’—a+b—be¥) M1
So z/=z+(b—-a)(l—-e"¥) Al
This is a translation by (b — a)(l — ei‘p) Al (3)
(iii) f RS=SR,andif @ + 8 = 2nm, then
(b—a)(1—e")=(a—b)(1-e")
M1
(a—b)(e?+ev—-2)=0

So a=b,orif a#b,el? +e@m=0) _2 =9

Al
2cos0—-2=0 M1
Thus 6 = 2nm Al (4)
If ¢ +6 # 2nm

ael®/? sin%B + be™i0/2 sinéfp = be'?/? sin%<p + qe~i#/2 sin%@ M1
2i(a —b) sin%q) sinie =0 Al
Soa=b, 8 =2nm,or ¢ =2nn

Al Al Al (5)
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Question 3
ap+yd+ay+péS+ad+Lfy=—-4 M1
A=—q Al (2)

(i) y3 —3y?—40y+84=0 M1 A1l
y-2)(y*-y—42)=0M1

-2)(y-7y+6)=0M1A1
So aff +yé =7 Al (6)
(i) (@+B)y+8) =ay+ad+By+p5=3—af —y6 =—4
M1 M1  Al1(3)
(a+p)+¥+8)=0 M1
Thus (a + B) isarootof t2 —4 =0 M1
Soa+pf =42 Al
afy + Byé + yéa + daff = 6
af(ly+6)+yS(a+pB)=6
2(af —yd) =6 M1
af —yd =3 as aff >y6 (andso a + [ = —2)

So aff =5A1(5)

Alternatively, afyé = 10, M1 A1 so aff and y§ are the roots of

t2—7t+10=0 M1A1 andas aff >S5, af =5 (and y§ = 2).A1(5)

(iii) Thus a and S aretherootsof t2+2t+5=0 and y and & are the roots of
t?—2t+2=0M1A1

Sox=1xi,-1+£2iA1A1(4)
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Question 4

(i) e¥Xma = g* (formula book)

Soif log, f(x) =z

f(x) =a% =e?"® E1

andso Inf(x) =zlna =1Ina log, f(x) Bl

Therefore,

ei J3infeax _ e% Jyna loga f(x) dx _ e% Ina [ logg f(x) dx

M1 M1

1

1y
Thus, F(y) =q fo logg f(x) dx A1* (5)

1

(ii) H(y) = ev foylnh(x)dx _ 6% foyln(f(x)g(x))dx

M1

_ e% foylnf(x)+1ng(x)dx

_ e% (foylnf(x)dx+fglng(x)dx) M1
1y 1

— oy Jy Inf(x)ax ey fg/lng(x)dx _ F(y)G(y)
M1 Al* (4)
(iii) Let f(x) =b*,

Then F(y) _ e% foylnbxdx _ 6% foyxlnb ax _ e%lnb foyxdx

M1 M1
y

= e%lnb %xz]o = e%lnb %yz = e%ylnb = b%y = \/ﬁ

Al M1 Al* (5)
1y

(i) e» o™ = 7

= i infeodx = nJFO) = ;InfG)

foy In f(x)dx = %lnf(y) M1

Inf(y) =2Info) +2L2m1

2f(y)
yf'y) _ flon 1
o —InfO) s ey =y ML

Integrating Inlnf(y) =lny+c=Iny+Ink =Inky M1 A1
Inf(y) = ky
f@) = ek = b = p

F(x) = b* AL* (6)
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Question 5
y =rsinf

ﬂ=rc056’+§—; sinf = fcosf + f'sinf M1

ae

x =r1rcosf

dx . dr . ’

— = —rsinf +— cosf = —fsinf + f'cosf M1
ae ae

dy _ fcosO+ f'sin6 _ f+f'tan@

dx  —fsin@+f'cos®  —ftanO+f' M1A1(4)
f+f'tan9, g+g'tan9’ -1

—ftan6+f —gtanf+g

fg+f'gtan@ + fg'tan6 + f'g'tan’0 = —fgtan?0 + f'gtan O + fg' tan6 — f'g’
(fg+f'g)sec?6 =0 M1
fg+f'g =0 A1*(3)

g(6) = a(l+sinb)
g'(0) =acosb
So f'acos@ + fa(l+sinf) =0 M1

L= 048 _ _secd—tanf Al
f cos 6
2
Inf = —In(secfd + tanf) +Incosf +c = In (ﬁ) = (’iizlsns) V1AL

_ (kcos?8\ _ k(1-sin?28) o
f(e) - (1+sin9) T 1+4sinf k(l Sin 9) M1 A1)
. o _ (1+sin) _  cos@
Alternatively, 7= 058 = —sn®) M1 A1l

Inf = ln((l — sin 9)) +c= ln(k(l — sin 9)) M1

and hence f(8) = k(1 —sinf) Al

T=4,9=—%7‘[ so 4 =2k M1

Thus f(0) = 2(1 —sin@) A1(8)
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Question 6

() T(x) = f; ——du
let u=v~?! ,Z—Z = —p~?
B1
So
T(x) = f::_l —= X v v = S 21+1 dv = [ 1+1u2 du — fox_l 1+1u2 du
M1 M1
T(x) =T(w) —T(x™1) A1*(4)
(if) vzlu_z; Sv-—aw=u+a @v—-—u=a(l+uv) ‘:’a::;z,

M1

_ (1+uv) (%—1)—(17—11) (ug—z+v)
- (1+uv)?

M1

%(1+uv—uv+u2)=1+uv+v2—uv

dv _ 1+4v?
du 14+u?

Al1* (3)
Alternatively,

_uta @dv_(l—au)+a(u+a)_ 1+a>  (1+a®)(A+u?)
T 1-au du (1 —au)? T (1l-—aw)? (1-aw)?(1+u?
M1

_(Q-—aw)?+@+a)® 1+v°
(1—-au)?(1+u?) 1+u?

M1 Al
x+a xta a 1
T(x) = fo 1+u? Tz U= fal e 1+u2 1+1;2 - fl ax dv - fol—ax 1+v2 dv — fO 1+v2 dv
M1 M1

T(x) = ("_*a“) T(a) Al*(3)
As T(x) =T(0) =T(x™"), T(a) =T(0) —T(a™")
So

TG = T(e0) = T() =) = (T (£5) = T(@) ) = T() - (T (22) -
(T(0) — T(a_l))>

M1 M1
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Thus

T(x~1) = 2T(o0) — T("*“) —T(a"Y) A1*(3)

1-ax

let y=x"1,=a"1,then x <% implies §< b whichis y >% M1

T(y) = 2T(e) = T (5225) ~ T(h) = 27(0) — T (22) — T(b) AL* (2)

b+y

(iii) Using T(y) = 2T () — T( ) T(b) with y =b =+/3 M1

T(V3) = 27(0) - T (2£2) - 7(v3)
T(v3) = 2T(w) — T(v3) — T(v3)

3T(V3) = 2T(®) & T(V3) =§T(oo) Al1* (2)

Using T(x) = T(o0) —T(x™1) with x =1,
T(1) = T(®) —T(1) andso T(1) =;T(0) Bl

x+a

Using T(x) =T( )—T(a) with x=v2—-1and a=1 M1

1-ax

T(VZ-1)= T(“_M”ll)) T(1)

T(V2-1)=T(3%) -1 =T (Z)-T(W) =T(HZ+1) - T(D)
Using T(x) =T(0) —T(x™) , T(vV2+1 )=T(x) -T(vV2-1)

So T(V2—1)=T(0) —T(V2-1) - T(1)

2T(VZ =1 ) = T(0) = T(1) = T(e0) — > T(c0)

T(VZ-1)= iT(OO) A1* (3)

Alternatively, using T(x) = (x+a) T(a) with x =a=+v2-1

2(V2-1) 2(V2-1)

T(\/§—1)=T<

Therefore ZT(\/E -1 ) =T(1) andso T(\/E -1 ) = %T(l) = iT(OO)

62

1_(\/2_1)2>—T(\/§—1)=T<2(\/_ )> T(V2-1)



Question 7

a2(1—t2)2 4b%t?
2
(1+¢2)° + (+2)° _ (1-t2)"+4t? 12624t +4t% 1 B1(1)
a? b? (1+t2)? 1+2t2+t4

dy
ox2 2 2x | 2Vg;
(I);+b_2=1:;+b_g=0 M1

dy _ b*ix _ b%a(1-t?)(1+t*) _ b(1-t?)

dx a?y a2(1+t2)2bt 2at M1 A1
. _2bt_ b(a-t?) ¢ a(1-t?)

Solis y (1+t2) 2at (x (1+t2) ) M1

2at(1 + t?)y — 4abt? = —bx(1 — t2)(1 + t2) + ab(1 — t?)?

2at(1 + t2)y + bx(1 — t2)(1 + t2) = ab(1 — t2)? + 4abt? = ab(1 + t2)?
Thus 2aty + bx(1 —t?) = ab(1 + t?) M1

and as (X, Y) lies on this line 2atY + bX(1 — t?) = ab(1 + t?)

0 = (a+ X)bt? — 2atY + b(a — X) Al* (6)

For there to be two distinct lines, there need to be two values of ¢ .

So the discriminant must be positive, (—2aY)? —4(a + X)bb(a —X) > 0 M1
4a%Y? > 4b?*(a® — X?)

a’?Y? > (a®> — X*)b? A1*

Y? x?

ol

x? y? . . .

—ta> 1 so (X,Y) lies outside the ellipse. B1 (3)

However, if X? = a?,= +a,onetangentisatt =0 ort = oo , a vertical line. E1

X% v?
If —+—=>1,then Y #0. E1
a b2
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(i) p and q aretherootsof 0 = (a + X)bt? — 2atY + b(a — X)

2ay _ b(a-X)
(a+X)b and pq = (a+X)b

Sop+q=

Thus (a+ X)pg=a—X and (a+ X)(p + q)b = 2aY A1 A1 (3)

Without loss of generality (0,y,) lieson (a + x)bp? — 2apy + b(a—x) =0
and (0,y,) lieson (a + x)bg? —2aqy + b(a—x) =0

So abp? — 2apy; + ab = 0, thatis bp? —2py; + b =0 M1

and bq?—2qy,+b=0

bp?+b . bq*+b
P_+q_

As y; +y, =2b , = » =2b M1
2 2

p+1+q+1:4

P q

p+q _
p+q-+ o 4

2aYy

2ay (a+X)b __
(a+X)b + a-X 4 M1
a+X

ar 2 _

a+X a—X
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2aY(a—X+a+X)=4(a—X)(a+ X)b

4a?Y = 4(a® — X?)b
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Question 8

n n
Z am(bm+1 - bm) + Z bm+1(am+1 - am)
m=1 m=1

n
= 2 (ambm+1 - ambm + bm+1am+1 - bm+1am)

m=1

M1

n
= Z (_ambm + bm+1am+1) = an+1bn+1 —aib;

m=1

M1

Hence,

n

n
Z am(bm+1 - bm) = an+1bn+1 - albl - Z bm+1(am+1 - am)

m=1 m=1

A1* (3)

(i) Let a,, =1 (oranyconstant)and b,, =sinmx , M1

then
n n
Z (sin(m + 1)x — sinmx) = sin(n + 1)x — sinx — Z sin(m+ 1x (1-1)
m=1 m=1
M1 Al
So

n
1 1
z 2 cos <m + E)x sinzx = (sin(n + 1)x — sinx)

m=1

M1 Al

and therefore

n
1 1 1
Z cos (m + E)x = z(sin(n + 1)x — sinx) cscEx

m=1
Al* (6)
(i) Let a,, =m and b,, = sin(m — 1)x —sinmx , M1
then

by+1 — by, = (sinmx —sin(m + 1)x) — (sin(m — 1)x — sinmx)

_2<+1).1+2< 1)_1
= cos|m 2xsmzx cos|m szmzx

M1 A1l
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= 4sinmx sin%xsin%x M1 A1l
Thus, using the stem
n
. o1
z m X 4 sinmx sin Ex
m=1

= (n+ 1)(sinnx —sin(n + 1)x) — 1 X (sin(0 X x) —sin x)

— Z (sinmx —sin(m + 1)x)
m=1

M1 A1l

So

n
1
4 sin? Ex Z msinmx = (n+ 1)(sinnx —sin(n + 1)x) + sinx — sinx + sin(n + 1)x

m=1

M1 Al

n
1
4 sinzzx Z msinmx = (n+ 1)sinnx —nsin(n + 1)x

m=1
Thus
n
Z msinmx = (psinnx + g sin(n + 1)x) csc? %x
m=1
where
1
p=—3n
Al
and
1
q=,n+1)
Al (11)

Alternatively, let a,, = m and b,,, = cos (m — ;) X , using stem, M1

. m{osn+5)x=eon(m=3)

m=1

1 1
:(n+1)cos<n+§>x—cos—x—

1
> cos<m+z)x

NgE

1

> 3

M1 Al
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So,

n
1
Z —2msinmx sin Ex

m=1

1 1 1 1
=(n+1)cos (n +E)x — coszx —E(sin(n + 1)x — sinx) csczx

M1 A1l

1 1 1 1 1 _
=csczx<(n+1)cos<n+z>xsmix—51n§xcos§x—z(51n(n+1)x—smx)>

M1 Al

—11(2(+1) <+1)'1 2sin~x cos = x — (sin(n + 1) '))
—ZCSCZ.X n cosin 2 XSIHZX Slnzxcoszx Sin\n X Sin x

1 1
= Ecsczx ((n + 1)(sin(n + 1)x — sinnx) — sinx — sin(n + 1)x + sin x)

M1 A1l

1 1
= Ecsczx (nsin(n 4+ 1)x — (n + 1) sinnx)

giving result as before.
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Question 9

For A, mg —Z =my andfor B, Z = 2mX where Z istension. M1 A1 Al
Adding, y +2X = g M1

Integrating with respect to time, y + 2x = gt + ¢

Initially, t =0, x=0, y=0=c¢c=0

Integrating with respect to time, y + 2x = %gt2 +c’ M1 M1

Initially, t =0, x =0, y=0=c¢"=0

So y+2x = %gt2 A1* (7)

Whenx=a,t=T=’%asoy=a M1 A1l

Conserving energy, at time T we have shown there is no elastic potential energy, so

0 = = 2m? + 2 my?
=5 mx 2my mga

M1 A1 A1 Al (6)
That is
2x% +y? =2ga
B1

Butalso y +2x = gT andso y+2x =,/6ga MI1A1l

Thus 252+ (J6ga—2x)'=2ga M1AL

6x% — 4x./6ga +4ga =0

2ga 2ga
% — 2x ’—+—=0
X X3 3

2ga
_ |22 =0
*~ 3
M1
andso x = Z‘%a Al1* (7)
Alternatively,
Aly — x
7 (y —x)
a
M1
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Subtracting,

2mg —3Z =2m(y — X)

W %W—@+
yox= 2ma g
M1
So,
2mga
o — 1—
y—Xx 31 (1 — coswt)
[\
where
31
2 —_— —
@ 2ma

As y+2x=%gt2, 3x=%gt2—%(1—coswt) M1

When x=a ,t=T = %a

2 6 31 6
so 3a =3a--"9¢ (1 — cosw ’—a) and thus —22 = 4n?g2 | A =
g 2ma g

31
3% = gt 2mgaw sinwt 6a 0
xX=9 31 =g g
. |29a
=3
M1 A1* (7)
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Question 10

Moment of inertia of PQ about axis through P is %m(3a)2 = 3ma? B1
Conserving energy, 0 = %3ma292 + %mlzéz - mg%a sinf —mglsinf M1A1ALA1

Thus (3a? + 12)62 = g(3a + 21) sin A1* (6)
Differentiating with respect to time,
2(3a? +12)66 = g(3a + 21) cos 00
M1

So
2(3a% +12)6 = g(3a + 21) cos 6

Al(2)

Alternatively, taking moments about axis through P

. 3
m(3a? +12)6 =mg (Ea + l) cos 6

M1

So
2(3a% +12)6 = g(3a + 2l) cos 6

Al(2)

Resolving perpendicular to the rod for the particle,
mgcosf —R = mlé
M1 A1l

Thus

[(3a + 21) )

R=mgcos€—ml§=mgcos€<1—m

M1 A1l

lBa+2l) 6a®+21>—3al—21> 3a(2a-1) S
2(3a%2 +12) 2(3a? + 12) " 2(3a% +1?)

because [ < 2a A1 (5)

Resolving along the rod towards P for the particle,
F —mgsin 0 = ml?

M1 A1l
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Thus

. . . [(3a + 20) _ 3(a® +al +1?)
F =mgsinf + mlf? =mgsinf|1+—————=)=mgsinf

(3a? +1?) (3a?+1?)
M1
On the point of slipping F = uR, so B1
- 3(a* +al +1?)\ _ 0 3a(2a—1)
IS\ T a2+ 1y )T 2Ge + )
Thus
a(2a—1
tanf = ua )

2(a? + al +1?2)
A1* (5)

At the instant of release, the equation of rotational motion for the rod ignoring the particle
is

3a 0z
mg7 = 3ma“0
and thus
. g
0 =—
2a
M1

Therefore the acceleration of the point on the rod where the particle rests equals
s . . .
16 = % > g if | > 2a,and so the rod drops away from the particle faster than the particle

accelerates and the particle immediately loses contact. Al (2)

(Alternatively, for particle to accelerate with rod from previous working R < 0, M1
meaning that it would have to be attached to so accelerate, and as it is only placed on the
rod, this cannot happen.) Al (2)
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Question 11
(i) Conserving (linear) momentum

Mu—nmv=0

M1
nmv
u=
Al
K= %Mu2 +nx %mv2 = %M (nMﬂ)Z + %nmv2 = %nmv2 (%+ 1)
M1 M1 A1* (5)

as required.

(i) Conserving momentum before and after r th gun fired

(M +(n—-(0- 1))m)ur_1 =M+ n-rmu, —m@ —u,_,)

M1 Al
Therefore
M+ (n—r)m)(uy — Up_q) =mv

M1

and so
_ mv
=1 =y (n—1r)m
Al1* (4)

Summing this resultforr =1to r =n,

B mv N mv N mv - mv
Un uO_M+(n—1)m M+(n—-2m M+ n-3)m M+ (n—n)m
M1
Because

0<n—-r<n-1

M<M+n—-rm<M+(n—-—1)m
mv mv mv

< <—
M+(n—-1m " M+Mn-rm~- M

with equality only for theterm r =n

Thus
mv mv mv mv nmuv

cee <
M+(n—1)m+M+(n—2)m+M+(n—3)m+ +M+(n—n)m M

El

Asu0=0,un<%=u Al* (3)
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(iii) Considering the energy of the truck and the (n —(r- 1)) projectiles before and after

the r™ projectile is fired (the other (r — 1) already fired do not change their kinetic energy
at this time),

1 2, 1 21 2
K, —K,_, = 5 M+ n-rmu,”+ Em(v —Up_ 1) — > (M + (n —(r— 1))m)ur_1

M1 Al

1 1
=5 (M + (n - r)m)(urz - ur—lz) + _m(v - ur—l)2 - _mur—lz

2 2 2
1,
= 5 M+ (n—r)m)(u, —ur_ )Wy +up_y) + Emv — mvi,_q
1 1
= Emv(ur +u,_q) + oMy —mvuy_
1,1
=Zmv + Emv(ur —Ur_q1)

M1

Summing this result forr =1to r =n,

1 1
K, — K, = > nmv + Emv(un —Ug)
M1
So
Ky = 2 nmu? + =
n=3 nmv > muvu,
Al* (5)
Now
nmv
U, I
S0
1 - 1 nm?v?
zmvun T,
M1
and thus

X 1 2+1 <1 2_I_lnmzvz_l 2(1+m)<1 z(n +1)
n = Znmv? + S miy < snmv? +o—r— = snmy 2) <z nmv
=K

M1

as n>1 E1(3)
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Question 12

(i)

PX=xY=y)=1

zn: k(x+y)=1

M1

NEE

>

y=1x

1

IIM3

n

Z( n(n+1)+ny> 1

y:

M1 A1l
1 1
k<zn2(n +1) +En2(n + 1)> =

M1

Therefore,
1

T n? n+1)
Al (5)

(2nx+n(n+1)) n+1+2x
2n2(n+1)  2n(n+1)

P(X—x)—Zk(x+y)— <nx+ n(n+1)>

y=1
M1 A1 (2)

n+1+2y
PY=y)=— 2
( Y) 2n(n+1)
Bl
For X and Y to beindependent, PX =x,Y =y) =P(X =x) X P(Y =y) M1

So
n+1+2x n+1+2y x+y)

2n(n+1) 2n(n +1) n2(n+1)

M1
mM+14+2x)(n+1+2y) =4n+D(x+y)
m+1)?2-2n+D(x+y)+4xy=0
((+D-G+y) - (x=-»?2=0
M1
which does not happen fore.g. x =n , y = 1. (Many equally valid examples possible.)

X and Y are notindependent. E1 (5)
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(ii)

E(XY) =szxy(x+y) =kz< n(n+1)(2n+1)+yzw>

2
y=1x=1 y=1

M1
P+ 1)?Qn+1) (n+1DC2n+1)
B 6 B 6

M1 A1 (3)

n+1+2x n(n+1)2+%n(n+1)(2n+1)
EX) =EW) = o+ 1) 2n(n+1)
M1 A1l

:(n+1)+(2n+1)_(7n+5)

4 6 12
Al (3)
Thus
(n+1D2n+1) [((n+5)\ -n2+2n—-1 —(n—1)2
Cov(X, 1) = 6 “\T 12 =1z~ 1aa 0

M1 E1(2)
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Question 13

Vix) =E(X—x)2)=EX?) —2xE(X) + x> =02+ pu? = 2xu+x?> = 0% + (x — p)?
M1 M1 M1 Al (4)

EW)=EWVX)) =E(c?>+ X —p)?) =02+ 0% =202
M1 A1* (2)

1

_1 2 _ 1 _— A 1
If X~U(0,1),then ,u—zanda —12,soV(x)—12+(x 2) = X" —x+

B1 B1 M1 A1l (4)
Y =V(X)=X? X+1—1+<X 1)2
- B 3 12 2
Ve 1 1]

12’3

M1 M1 Al
1
d d f 1 1 1 1 ,
f) = @(F(y)) = d_y(z y _E> = (y _E) 2, S SYVS 3 and 0 otherwise.
M1 Al A1l (6)

[y
[

as required.

Alternatively, for final integral,

1

let u>? =y ——
y 12’
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or further

1
Ietu=y—E,

v

EY)=

N
N|"‘\ [SSIN

12
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