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STEP/Vectors Q8 (30/6/23)

Given that a, b & c are linearly independent vectors, establish
whether the vectors a+ b, a —c & a + b + ¢ are linearly
independent.
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Solution

Method 1

Suppose that a(a+ b) + f(a—c)+y(a+b+c) =0
Then (a+B+y)a+(a+y)b+ (—L+y)c=0

As a, b & c are linearly independent,

at+f+y=0

a+y=20

—-f+y=0

giving a+ =0

and hencey = 0 andsoa = f = 0 also,

andso a+b, a—c&a+ b+ c arelinearly independent.

Method 2

a, b & c are linearly independent vectors = |ab c| = 0
=|la+b, b,c+(a+b)=0

[since |a+ b, b, c| = |a, b, c|:

As an example, consider

p+r r

q+s S|=(P"‘T)S—(CH'S)T:(ps—qr)+rs—sr

p r
=|q S|;also lkabc|=klabc| ]

Then, if a+ b, a—c&a+ b+ c arein fact linearly
independent, we want to be able to obtain a — ¢ by adding
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multiplesof a + b & a+ b + ¢ to b. In fact, because b can be

replaced with kb, we can look for a relation of the form:
a—c=kb+Ala+b)+u(a+b+c)

Equating coefficients of the linearly independent a, b & c:
1=A4+w, O=k+A+pw—-1=yp

Sop=—-1,A=2 &k=-1

Thus|la+b,a—c, c+ (a+b)| =0,

so that the 3 vectors are linearly independent



