fmng.uk

Probability Generating Functions (Discrete RVs)

Gx(s) = E(s¥) = Lo pis”

For B(n,p):

n _ n —
Gx(s) = Xpo (3, PFas* = Bio (1) ()K" = (q +ps)"

e~k

Find the PGF for X~Po(A) [P(X = k) = . ]




e—/l(els) — e/l(s—l)
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Gx(s) = ZI?:O pksk

So Gy (s) = Yo kprs1

and Gy (1) = E[X]

Similarly, Gy (1) = E[X(X —1)]

Find an expression involving the derivatives of Gy (s) for Var(X)
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Var(X) = E(X?) — [E(X)]?

= E[X(X - D] + E[X] — [EC)]?
= Gy (1) + Gx(1) — [Gx(1)]?

If X~P,(1), prove that Var(X) = 1, given that Gy(s) = A~V
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Gy (s) = e?™D)
Gy(s) = 126D & G, (s) = A2eAs-D
Var(X) = G{ (1) + G, (1) — [G(1)]?
=2+1-22=2
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Given that Gy (s) = % , what is the distribution of X?
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ps
1—qs]

[Gx(s) =

Gx(s) =ps(1+qs+(qs)* + )

The coefficient of s* is p,, = pg*~?!

So X has a Geometric distribution.
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If X & Y are independent random variables, then
Gx+y(s) = Gx(s)Gy(s)

Proof

Gx4y(s) = E(s**") = E(s*s")

= E(s*)E(s¥) (byindependence)

= Gx(s)Gy(s)

PGF of Negative Binomial distribution?

X =X, + -+ X, , where X;~Geo(p)
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n
Gx,(s) = f—:s, so Gx(s) = (ﬁ:s)

E(X) =?
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Gx(s) = ( 2 )n

1-qs
So Gx(s) =n (1?25)71—1 . (1“?(51)19;32352(—q)

and E(X) = Gx(1) =n (%)”_1 . (1—2;:11)92(—61)
=nt = .

p
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