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STEP/Hyperbolic Functions Q4 (16/6/23) 

 

Given that 𝑠𝑖𝑛ℎ𝑥 = 𝑡𝑎𝑛𝑦, where −
𝜋

2
< 𝑦 <

𝜋

2
, show that 

(a) 𝑡𝑎𝑛ℎ𝑥 = 𝑠𝑖𝑛𝑦   (b) 𝑥 = ln⁡(𝑡𝑎𝑛𝑦 + 𝑠𝑒𝑐𝑦) 
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Solution 

(a) As 𝑠𝑖𝑛ℎ𝑥 = 𝑡𝑎𝑛𝑦, we can construct a right-angled triangle (see 

diagram below), where the hypotenuse is 𝑐𝑜𝑠ℎ𝑥, as  𝑠𝑖𝑛ℎ2𝑥 + 1 =

𝑐𝑜𝑠ℎ2𝑥. 

 

 

 

 

 

 

Then 𝑠𝑖𝑛𝑦 =
𝑠𝑖𝑛ℎ𝑥

𝑐𝑜𝑠ℎ𝑥
= 𝑡𝑎𝑛ℎ𝑥, as required. 

Alternatively: 𝑡𝑎𝑛ℎ𝑥 =
𝑠𝑖𝑛ℎ𝑥

𝑐𝑜𝑠ℎ𝑥
=

𝑡𝑎𝑛𝑦

√1+𝑠𝑖𝑛ℎ2𝑥
   

(from 𝑠𝑖𝑛ℎ2𝑥 + 1 = 𝑐𝑜𝑠ℎ2𝑥, noting that 𝑐𝑜𝑠ℎ𝑥 is always positive, 

so that we take the positive square root) 

=
𝑡𝑎𝑛𝑦

√1+𝑡𝑎𝑛2𝑦
=

𝑡𝑎𝑛𝑦

√𝑠𝑒𝑐2𝑦
=

𝑡𝑎𝑛𝑦

𝑠𝑒𝑐𝑦
   

(as 𝑐𝑜𝑠𝑦 > 0 when −
𝜋

2
< 𝑦 <

𝜋

2
 , and hence 𝑠𝑒𝑐𝑦 > 0 also) 

= 𝑡𝑎𝑛𝑦𝑐𝑜𝑠𝑦 = 𝑠𝑖𝑛𝑦    

 

(b) From the right-angled triangle, 

𝑡𝑎𝑛𝑦 + 𝑠𝑒𝑐𝑦 = 𝑠𝑖𝑛ℎ𝑥 + 𝑐𝑜𝑠ℎ𝑥⁡  

=
1

2
(𝑒𝑥 − 𝑒−𝑥) +

1

2
(𝑒𝑥 + 𝑒−𝑥) = 𝑒𝑥 , 

so that  ln(𝑡𝑎𝑛𝑦 + 𝑠𝑒𝑐𝑦) = 𝑥, as required. 
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Alternatively: 𝑠𝑖𝑛ℎ𝑥 = 𝑡𝑎𝑛𝑦 ⇒
1

2
(𝑒𝑥 − 𝑒−𝑥) = 𝑡𝑎𝑛𝑦 

⇒ 𝑒2𝑥 − 1 = 2𝑡𝑎𝑛𝑦𝑒𝑥   

⇒ 𝑒2𝑥 − 2𝑡𝑎𝑛𝑦𝑒𝑥 − 1 = 0  

⇒ 𝑒𝑥 =
2𝑡𝑎𝑛𝑦±√4𝑡𝑎𝑛2𝑦+4

2
= 𝑡𝑎𝑛𝑦 ± 𝑠𝑒𝑐𝑦  

 𝑡𝑎𝑛𝑦 − 𝑠𝑒𝑐𝑦 =
𝑠𝑖𝑛𝑦−1

𝑐𝑜𝑠𝑦
< 0 when −

𝜋

2
< 𝑦 <

𝜋

2
 

Hence, as 𝑒𝑥 > 0, it follows that 𝑒𝑥 = 𝑡𝑎𝑛𝑦 + 𝑠𝑒𝑐𝑦, 

and hence 𝑥 = ln(𝑡𝑎𝑛𝑦 + 𝑠𝑒𝑐𝑦) 


