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STEP/Forces, Q5 (11/6/23) 

 

A rollercaster ride is  modelled by a particle on a smooth wire. If a 

point on the wire has coordinates (𝑥, 𝑦), show that  

𝑥̇𝑥̈ + 𝑦̇(𝑦̈ + 𝑔) = 0  

(a) by an energy method, and (b)(as an alternative method) 

by applying Newton’s 2nd Law 
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Solution 

(a) By Conservation of Energy, 

𝐾𝐸 + 𝑃𝐸 = 𝐶, where 𝐶 is a constant; 

ie 
1

2
𝑚(𝑥̇2 + 𝑦̇2) + 𝑚𝑔𝑦 = 𝐶 , where 𝑚 is the mass of the particle. 

Differentiating wrt 𝑡, 𝑚(𝑥̇𝑥̈ + 𝑦̇𝑦̈) + 𝑚𝑔𝑦̇ = 0, 

so that 𝑥̇𝑥̈ + 𝑦̇(𝑦̈ + 𝑔) = 0 , as required. 

 

(b) As the wire is smooth, the only force on the particle affecting 

its motion is the component of its weight along the wire. 

By N2L, −𝑚𝑔𝑠𝑖𝑛𝜃 = 𝑚(𝑥̈𝑐𝑜𝑠𝜃 + 𝑦̈𝑠𝑖𝑛𝜃),   [see Note below] 

where the gradient of the wire is 
𝑑𝑦

𝑑𝑥
= 𝑡𝑎𝑛𝜃 at the point (𝑥, 𝑦),  

and 𝑥̈ & 𝑦̈ are the 𝑥 & 𝑦 components of the acceleration of the 

particle. 

Then −𝑔𝑡𝑎𝑛𝜃 = 𝑥̈ + 𝑦̈𝑡𝑎𝑛𝜃, 

and hence, since  𝑡𝑎𝑛𝜃 =
𝑑𝑦

𝑑𝑥
=

𝑑𝑦/𝑑𝑡

𝑑𝑥/𝑑𝑡
=

𝑦̇

𝑥̇
 ,  

−𝑔𝑦̇ = 𝑥̇𝑥̈ + 𝑦̈𝑦̇ , or  𝑥̇𝑥̈ + 𝑦̇(𝑦̈ + 𝑔) = 0 , as required. 

 

[Note: If instead the force along the wire is resolved in the 𝑥 & 𝑦 

directions: 

(−𝑚𝑔𝑠𝑖𝑛𝜃)𝑐𝑜𝑠𝜃 = 𝑚𝑥̈   and  (−𝑚𝑔𝑠𝑖𝑛𝜃)𝑠𝑖𝑛𝜃 = 𝑚𝑦̈  

Then 𝑚(𝑥̈𝑐𝑜𝑠𝜃 + 𝑦̈𝑠𝑖𝑛𝜃) = (−𝑚𝑔𝑠𝑖𝑛𝜃)(𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃) 

= −𝑚𝑔𝑠𝑖𝑛𝜃, as before.]  


