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STEP: Differential Equations (6 pages; 21/4/23)

See also Exercises - Differential Equations.

(1) Exercise: Solve = = x + y by:

(a) making the substitution z = x + y
(b) finding an integrating factor
Solution

dy i . .
(a)a—x+y=>dx(z X) =2z

dz
>——1=z

dx

dz
>—=z+1

dx

1
:f;dz=fdx
=In|z+ 1| =x—InC
=>C(z+1)=e¢e*

>y=z—x=Ae*—-1—x

dy ﬂ_ .
(b)a—x+y=>dx y=x
LF.=exp{[/—1dx}=e"*
—-X

_xd _
Then e * =2 — e ¥y = xe
dx

a -XY\ — -Xx
= — (ye™) = xe

s>yve ™= [xe*de=x(—e™)—[—e¥dx=—xe*—e*+C(C

1



fmng.uk

>y=Ce*—-1-—x

(2) To convert x Z

+ ax— +by =0
to —+c—+dy =0 (%)
Exercise: Which of the following substitutions works:

u=e*orx =e"*?

Solution
dy dydu
dx o du dx
du
Now,u = e* > — =1,
dx
du 1
andx = e¥ => — = -
dx ( ) x
d dy 1 d d
In the latter case, _ —) andxZ =%
dx du dx du
d? d (dy (1 d?y du\ (1
Then =2 = = —y(—) =(_y_)(_) @y __)
dx? x \du \x du? dx/ \x

1 d’y dy

2% u? du

2d
dx?

So x2=2 4 ax— + by = 0 becomes

(%—d—)+a—+by—0

d?y dy _
eﬁ+(a—1)@+by—0
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(3) Exercise:

(i) Show that % =f (%) can potentially be solved by making a
substitution.

x3+4y3

. dy
(ii) Solve = 3y

x>0

Solution

- _Y — v _ az
(i) Letz—x,sothaty—xz anddx—z+xdx

&5 _ £ 4z _
So = f(x) becomes z tx—= f(2)

1
f(2)-z

and [ dz=fidx

. _y dy _ daz T
(ii) Letz = x,sothatdx =z+x——,asin (i).

dz 1 4z
Then z+ x—=—+—
dx 3z2 3

dz 1
and x — = —
dx 372

M
3

sothat3 [ dz=fidx

1
1
Z—2+Z

3z2
1+2z3

and Inx = [ dz =In(1+2z3) + InC
Sx=C(l+2%) [C>0]

YN3 — A0 _1
> =4x-1[A=3

=y3 = (4x — 1)x3



[Further example: (x — y)(x + y) Z—z = xy |

(4) (i) Extend this approach to DEs related to Z—z =x+y

(ii) Solve % =x+y)x+y—2)

Solution
VIfz = a_ gL
(i) Ifz—x+y,thendx— 1+dx,
dy dz .
so that = f(x +y) becomes — 1=f(2)

and % = f(z) + 1is potentially solvable by separation of
variables.

imi v _ og &Y Z(AH2y+40)
[Similarly for —= = f(ax + by); eg— = ryi2x |

(ii) Asthe RHS is a functionof x + y,letz=x +y
dz
Thena —1=2z(z-2),

sothat%=22—22+1=(z—1)2

> [——dz = [dx

(z—-1)?

1
(z-1)

=x+C

1
(x+0)

=>x+y—1=-

1
(x+0)

>y=1—x—
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(5) Substitutions

%=f(x+y)

dz

d .
Letz = x + y, so that 2 =22 _ 1 canbe obtained
dx dx

= % = f(z) +1 (& separation of variables can be applied)

& _ (E)
dx f y
X dy dz .
Let z = =, sothat — = z 4+ x— can be obtained
y dx dx

= X % = f(z) — z (& separation of variables can be applied)

(6) Exercise: Solve z—z + xy = xy? by means of the substitution

1

zZ ==

y

Solution

1 dy 1 dz
=S == -
y z dx z2 dx
1d dz
sothat ==X = -2
y2 dx dx

dy 2 _az _
and —txy=xy becomes . txz=x
and then an L.F. can be found.

Notes

(i) Soz = %is potentially useful for a DE of the form y—lzz—i' + .-



(ii) In general, y™ % suggests z = y"t!

(and y ™" % suggests z = y 1)

In fact, % + P(x)y = Q(x)y™ can be transformed to

% —(n—-1DPx).z= —(n—1)Q(x) byz = y—n+1
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