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STEP: Differential Equations (6 pages; 21/4/23) 

See also Exercises - Differential Equations. 

 

(1) Exercise: Solve 
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦  by: 

(a) making the substitution 𝑧 = 𝑥 + 𝑦 

(b) finding an integrating factor 

Solution 

(a)  
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦 ⇒

𝑑

𝑑𝑥
(𝑧 − 𝑥) = 𝑧  

⇒
𝑑𝑧

𝑑𝑥
− 1 = 𝑧  

⇒
𝑑𝑧

𝑑𝑥
= 𝑧 + 1  

⇒ ∫
1

𝑧+1
 𝑑𝑧 = ∫ 𝑑𝑥  

⇒ ln|𝑧 + 1| = 𝑥 − 𝑙𝑛𝐶  

⇒ 𝐶(𝑧 + 1) = 𝑒𝑥  

⇒ 𝑦 = 𝑧 − 𝑥 = 𝐴𝑒𝑥 − 1 − 𝑥  

 

(b) 
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦 ⇒ 

𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑥 

I.F. = exp {∫ −1 𝑑𝑥} = 𝑒−𝑥 

Then  𝑒−𝑥 𝑑𝑦

𝑑𝑥
− 𝑒−𝑥𝑦 = 𝑥𝑒−𝑥 

⇒
𝑑

𝑑𝑥
(𝑦𝑒−𝑥) = 𝑥𝑒−𝑥  

⇒ 𝑦𝑒−𝑥 = ∫ 𝑥𝑒−𝑥 𝑑𝑥 = 𝑥(−𝑒−𝑥) − ∫ −𝑒−𝑥 𝑑𝑥 = −𝑥𝑒−𝑥 − 𝑒−𝑥 + 𝐶  
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⇒ 𝑦 = 𝐶𝑒𝑥 − 1 − 𝑥  

 

(2) To convert 𝑥2 𝑑2𝑦

𝑑𝑥2 + 𝑎𝑥
𝑑𝑦

𝑑𝑥
+ 𝑏𝑦 = 0  

 to  
𝑑2𝑦

𝑑𝑢2 + 𝑐
𝑑𝑦

𝑑𝑢
+ 𝑑𝑦 = 0   (*) 

Exercise: Which of the following substitutions works: 

𝑢 = 𝑒𝑥  or 𝑥 = 𝑒𝑢?  

Solution 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢

𝑑𝑢

𝑑𝑥
  

Now, 𝑢 = 𝑒𝑥 ⇒
𝑑𝑢

𝑑𝑥
= 𝑢, 

and 𝑥 = 𝑒𝑢 ⇒
𝑑𝑢

𝑑𝑥
=

1

(
𝑑𝑥

𝑑𝑢
)

=
1

𝑥
 

In the latter case,  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
(

1

𝑥
), and 𝑥

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 

 

Then  
𝑑2𝑦

𝑑𝑥2 =
𝑑

𝑑𝑥
(

𝑑𝑦

𝑑𝑢
(

1

𝑥
)) = (

𝑑2𝑦

𝑑𝑢2  .
𝑑𝑢

𝑑𝑥
) (

1

𝑥
) +

𝑑𝑦

𝑑𝑢
(−

1

𝑥2)  

=
1

𝑥2 (
𝑑2𝑦

𝑑𝑢2 −
𝑑𝑦

𝑑𝑢
)  

So  𝑥2 𝑑2𝑦

𝑑𝑥2 + 𝑎𝑥
𝑑𝑦

𝑑𝑥
+ 𝑏𝑦 = 0  becomes 

(
𝑑2𝑦

𝑑𝑢2 −
𝑑𝑦

𝑑𝑢
) + 𝑎

𝑑𝑦

𝑑𝑢
+ 𝑏𝑦 = 0  

ie  
𝑑2𝑦

𝑑𝑢2 + (𝑎 − 1)
𝑑𝑦

𝑑𝑢
+ 𝑏𝑦 = 0 
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(3) Exercise:  

(i) Show that  
𝑑𝑦

𝑑𝑥
= 𝑓(

𝑦

𝑥
) can potentially be solved by making a 

substitution. 

(ii) Solve 
𝑑𝑦

𝑑𝑥
=

𝑥3+4𝑦3

3𝑥𝑦2  , 𝑥 > 0 

Solution 

(i) Let 𝑧 =
𝑦

𝑥
 , so that 𝑦 = 𝑥𝑧  and 

𝑑𝑦

𝑑𝑥
= 𝑧 + 𝑥

𝑑𝑧

𝑑𝑥
 

So  
𝑑𝑦

𝑑𝑥
= 𝑓(

𝑦

𝑥
) becomes 𝑧 + 𝑥

𝑑𝑧

𝑑𝑥
= 𝑓(𝑧) 

and ∫
1

𝑓(𝑧)−𝑧
𝑑𝑧 = ∫

1

𝑥
 𝑑𝑥 

 

(ii) Let 𝑧 =
𝑦

𝑥
 , so that 

𝑑𝑦

𝑑𝑥
= 𝑧 + 𝑥

𝑑𝑧

𝑑𝑥
 , as in (i). 

Then  𝑧 + 𝑥
𝑑𝑧

𝑑𝑥
=

1

3𝑧2 +
4𝑧

3
 

and 𝑥
𝑑𝑧

𝑑𝑥
=

1

3𝑧2 +
𝑧

3
 

so that 3 ∫
1

1

𝑧2+𝑧
 𝑑𝑧 = ∫

1

𝑥
𝑑𝑥 

and 𝑙𝑛𝑥 = ∫
3𝑧2

1+𝑧3 𝑑𝑧 = ln(1 + 𝑧3) + 𝑙𝑛𝐶 

⇒ 𝑥 = 𝐶(1 + 𝑧3)   [𝐶 > 0] 

⇒ (
𝑦

𝑥
)3 = 𝐴𝑥 − 1  [𝐴 =

1

𝐶
] 

⇒ 𝑦3 = (𝐴𝑥 − 1)𝑥3   
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[Further example: (𝑥 − 𝑦)(𝑥 + 𝑦)
𝑑𝑦

𝑑𝑥
= 𝑥𝑦 ] 

 

(4) (i) Extend this approach to DEs related to  
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦 

(ii) Solve 
𝑑𝑦

𝑑𝑥
= (𝑥 + 𝑦)(𝑥 + 𝑦 − 2) 

 

Solution 

(i) If 𝑧 = 𝑥 + 𝑦, then 
𝑑𝑧

𝑑𝑥
= 1 +

𝑑𝑦

𝑑𝑥
 , 

so that  
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥 + 𝑦) becomes 

𝑑𝑧

𝑑𝑥
− 1 = 𝑓(𝑧) 

and 
𝑑𝑧

𝑑𝑥
= 𝑓(𝑧) + 1 is potentially solvable by separation of 

variables. 

[Similarly for 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑎𝑥 + 𝑏𝑦); eg 

𝑑𝑦

𝑑𝑥
=

−(1+2𝑦+4𝑥)

1+𝑦+2𝑥
 ] 

 

(ii) As the RHS is a function of 𝑥 + 𝑦, let 𝑧 = 𝑥 + 𝑦 

Then 
𝑑𝑧

𝑑𝑥
− 1 = 𝑧(𝑧 − 2), 

so that  
𝑑𝑧

𝑑𝑥
= 𝑧2 − 2𝑧 + 1 = (𝑧 − 1)2 

⇒ ∫
1

(𝑧−1)2 𝑑𝑧 = ∫ 𝑑𝑥  

⇒ −
1

(𝑧−1)
= 𝑥 + 𝐶  

⇒ 𝑥 + 𝑦 − 1 = −
1

(𝑥+𝐶)
  

⇒ 𝑦 = 1 − 𝑥 −
1

(𝑥+𝐶)
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(5) Substitutions 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥 + 𝑦)  

Let 𝑧 = 𝑥 + 𝑦, so that  
𝑑𝑦

𝑑𝑥
=

𝑑𝑧

𝑑𝑥
− 1  can be obtained 

⇒
𝑑𝑧

𝑑𝑥
= 𝑓(𝑧) + 1   (& separation of variables can be applied) 

 

𝑑𝑦

𝑑𝑥
= 𝑓 (

𝑥

𝑦
)  

Let 𝑧 =
𝑥

𝑦
, so that   

𝑑𝑦

𝑑𝑥
= 𝑧 + 𝑥

𝑑𝑧

𝑑𝑥
 can be obtained 

⇒ 𝑥
𝑑𝑧

𝑑𝑥
= 𝑓(𝑧) − 𝑧   (& separation of variables can be applied) 

 

(6) Exercise: Solve  
𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 = 𝑥𝑦2 by means of the substitution 

𝑧 =
1

𝑦
  

Solution 

𝑦 =
1

𝑧
⇒

𝑑𝑦

𝑑𝑥
= −

1

𝑧2

𝑑𝑧

𝑑𝑥
  

so that  
1

𝑦2

𝑑𝑦

𝑑𝑥
= −

𝑑𝑧

𝑑𝑥
   

and  
𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 = 𝑥𝑦2 becomes −

𝑑𝑧

𝑑𝑥
+ 𝑥𝑧 = 𝑥    

and then an I.F. can be found. 

Notes 

(i) So 𝑧 =
1

𝑦
 is potentially useful for a DE of the form  

1

𝑦2

𝑑𝑦

𝑑𝑥
+ ⋯  
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(ii) In general, 𝑦𝑛 𝑑𝑦

𝑑𝑥
 suggests 𝑧 = 𝑦𝑛+1 

(and 𝑦−𝑛 𝑑𝑦

𝑑𝑥
 suggests 𝑧 = 𝑦−𝑛+1) 

In fact, 
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)𝑦𝑛 can be transformed to  

𝑑𝑧

𝑑𝑥
− (𝑛 − 1)𝑃(𝑥). 𝑧 = −(𝑛 − 1)𝑄(𝑥)  by 𝑧 = 𝑦−𝑛+1 

 


