
  fmng.uk 

1 
 

STEP/Differential Equations Q2 (15/6/23) 

 

To convert 𝑥2 𝑑2𝑦

𝑑𝑥2 + 𝑎𝑥
𝑑𝑦

𝑑𝑥
+ 𝑏𝑦 = 0  

 to  
𝑑2𝑦

𝑑𝑢2 + 𝑐
𝑑𝑦

𝑑𝑢
+ 𝑑𝑦 = 0   (*) 

Which of the following substitutions works: 𝑢 = 𝑒𝑥  or 𝑥 = 𝑒𝑢?  
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Solution 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢

𝑑𝑢

𝑑𝑥
  

Now, 𝑢 = 𝑒𝑥 ⇒
𝑑𝑢

𝑑𝑥
= 𝑢, 

and 𝑥 = 𝑒𝑢 ⇒
𝑑𝑢

𝑑𝑥
=

1

(
𝑑𝑥

𝑑𝑢
)

=
1

𝑥
 

In the latter case,  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
(

1

𝑥
), and 𝑥

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 

 

Then  
𝑑2𝑦

𝑑𝑥2 =
𝑑

𝑑𝑥
(

𝑑𝑦

𝑑𝑢
(

1

𝑥
)) = (

𝑑2𝑦

𝑑𝑢2  .
𝑑𝑢

𝑑𝑥
) (

1

𝑥
) +

𝑑𝑦

𝑑𝑢
(−

1

𝑥2)  

=
1

𝑥2 (
𝑑2𝑦

𝑑𝑢2 −
𝑑𝑦

𝑑𝑢
)  

So  𝑥2 𝑑2𝑦

𝑑𝑥2 + 𝑎𝑥
𝑑𝑦

𝑑𝑥
+ 𝑏𝑦 = 0  becomes 

(
𝑑2𝑦

𝑑𝑢2 −
𝑑𝑦

𝑑𝑢
) + 𝑎

𝑑𝑦

𝑑𝑢
+ 𝑏𝑦 = 0  

ie  
𝑑2𝑦

𝑑𝑢2 + (𝑎 − 1)
𝑑𝑦

𝑑𝑢
+ 𝑏𝑦 = 0 

 

 

 

 


