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STEP MATHEMATICS 2020
In 2020, STEP Mathematics examinations were delivered remotely.

This is a copy of the questions used for STEP Mathematics 2020 with an exemplar front
cover.
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Section A: Pure Mathematics

1
1 (i)  Use the substitution x = T where 0 < u < 1, to find in terms of = the integral
u

1
/31 dz (where z > 1).
z2(z—1)2

(ii) Find in terms of x the integral

1
y dx (where z .
/(x—z)é(xﬂ)% ( -

(iii) Show that

/OO ! - T dxz%w.
2 (z—1)(x—2)2(3z—2)2

2 The curves C7 and Cy both satisfy the differential equation

dy _ kay—y
de  z—kxy’

where k = In 2.

All points on Cy have positive x and y co-ordinates and C passes through (1, 1). All points
on C9 have negative = and y co-ordinates and Cy passes through (—1, —1).

(i)  Show that the equation of Cy can be written as (v — y)? = (z + y)? — 221V,
Determine a similar result for curve Cs.

Hence show that y = z is a line of symmetry of each curve.
(ii) Sketch on the same axes the curves y = 22 and y = 2%, for x > 0. Hence show that C}
lies between the lines x +y =2 and = + y = 4.

Sketch curve C;.

(iii) Sketch curve Cs.
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A sequence u1,us,...,u, of positive real numbers is said to be unimodal if there is a value
k such that

and

So the sequences 1,2,3,2,1; 1,2,3,4,5; 1,1,3,3,2 and 2,2,2,2,2 are all unimodal, but
1,2,1,3,1 is not.

A sequence u1, us, . . . , Uy, of positive real numbers is said to have property L if u,_ju, 11 < u?
forallr with2<r<n—-1.

(i)  Show that, in any sequence of positive real numbers with property L,
Up—1 2 Up == Up 2 Uptl.

Prove that any sequence of positive real numbers with property L is unimodal.
(ii) A sequence uj,ug,...,uy of real numbers satisfies u, = 2au,_; —aPu,_g for 3 < r < n,

where « is a positive real constant. Prove that, for 2 < r < n,

Uy — OUp_1 = o/"_2(u2 —auq)
and, for 2<r<n—1,
uz — Up—1Upg1 = (Up — aur,l)Q.

Hence show that the sequence consists of positive terms and is unimodal, provided
ug > au > 0.

In the case u; = 1 and ug = 2, prove by induction that u, = (2—7)a" "1 +2(r—1)a" 2.
1
Leta=1— N where N is an integer with 2 < N < n.

In the case u; = 1 and uy = 2, prove that u, is largest when r = N.
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(i) Given that a, b and c are the lengths of the sides of a triangle, explain why ¢ < a + b,
a<b+candb<a+c

(ii) Use a diagram to show that the converse of the result in part (i) also holds: if a, b and
c are positive numbers such that ¢ < a+b, a < b+ c and b < ¢+ a then it is possible
to construct a triangle with sides of length a, b and c.

(iii) When a, b and ¢ are the lengths of the sides of a triangle, determine in each case
whether the following sets of three lengths can

e always
e sometimes but not always

e never
form the sides of a triangle. Prove your claims.

(A) a+1,b+1,c+1.

(S~

(B) 3.

IS K

(C) ’a’_b’7 |b—C‘, ]c—a!.
(D) a®+be, b? + ca, ¢ + ab.

(iv) Let f be a function defined on the positive real numbers and such that, whenever
z>y>0,

f(x) > f(y) > 0 but f(xx) < f(y>

Show that, whenever a, b and c are the lengths of the sides of a triangle, then f(a), f(b)
and f(c) can also be the lengths of the sides of a triangle.
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If z is a positive integer, the value of the function d(x) is the sum of the digits of z in base
10. For example, d(249) =2+4+9 = 15.

n—1
An n-digit positive integer x is written in the form Zar x 10", where 0 < a, < 9 for all

r=0
0<r<n-—1anda,_1>0.

(i) Prove that  — d(x) is non-negative and divisible by 9.

(ii) Prove that x — 44d(x) is a multiple of 9 if and only if = is a multiple of 9.

Suppose that x = 44d(z). Show that if z has n digits, then x < 396n and = > 10" 1,
and hence that n < 4.

Find a value of x for which = 44d(x). Show that there are no further values of x
satisfying this equation.

(iii) Find a value of x for which z = 107d (d(x)). Show that there are no further values of
x satisfying this equation.

A 2 x 2 matrix M is real if it can be written as M = < (cl Z

In this case, the trace of matrix M is defined to be tr(M) = a + d and det(M) is the
determinant of matrix M. In this question, M is a real 2 x 2 matrix.

>, where a, b, c and d are real.

(i) Prove that
tr(M?) = tr(M)? — 2det(M).
(ii) Prove that
M? =1 but M # +I <= tr(M) = 0 and det(M) = —1,
and that
M? = I <= tr(M) = 0 and det(M) = 1.
(iii) Use part (ii) to prove that
M*! =1 += M? = =£L.
Find a necessary and sufficient condition on det(M) and tr(M) so that M* = —I.

(iv) Give an example of a matrix M for which M® = I, but which does not represent a
rotation or reflection. [Note that the matrices +I are both rotations.]
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2
z—2

In this question, w =

(i) Let z be the complex number 3 + ¢i, where ¢ € R. Show that |w — 1| is independent
of t. Hence show that, if z is a complex number on the line Re(z) = 3 in the Argand
diagram, then w lies on a circle in the Argand diagram with centre 1.

Let V be the line Re(z) = p, where p is a real constant not equal to 2. Show that, if z
lies on V, then w lies on a circle whose centre and radius you should give in terms of
p. For which z on V is Im(w) > 07

(ii) Let H be the line Im(z) = ¢, where ¢ is a non-zero real constant. Show that, if z lies
on H, then w lies on a circle whose centre and radius you should give in terms of q.
For which z on H is Re(w) > 07

In this question, f(x) is a quartic polynomial where the coefficient of 2* is equal to 1, and
which has four real roots, 0, a, b and ¢, where 0 < a < b < c.

F(z) is defined by F(z) = /Om f(t) dt.

The area enclosed by the curve y = f(z) and the x-axis between 0 and a is equal to that
between b and ¢, and half that between a and b.

(i)  Sketch the curve y = F(x), showing the = co-ordinates of its turning points.
Explain why F(z) must have the form F(z) = $22(z — ¢)?(z — h), where 0 < h < c.
Find, in factorised form, an expression for F(z) + F(c — ) in terms of ¢, h and z.

(i) If0 <z < ¢, explain why F(b) + F(z) > 0 and why F(b) + F(z) > 0 if z # a.
Hence show that ¢ — b =a or ¢ > 2h.

By considering also F(a) + F(x), show that ¢ = a + b and that ¢ = 2h.

(iii) Find an expression for f(z) in terms of ¢ and x only.

Show that the points of inflection on y = f(z) lie on the z-axis.
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Section B: Mechanics

9 Point A is a distance h above ground level and point N is directly below A at ground level.
Point B is also at ground level, a distance d horizontally from N. The angle of elevation of
A from B is 8. A particle is projected horizontally from A, with initial speed V. A second
particle is projected from B with speed U at an acute angle 6§ above the horizontal. The
horizontal components of the velocities of the two particles are in opposite directions. The
two particles are projected simultaneously, in the vertical plane through A, N and B.

Given that the two particles collide, show that
Vh
dsinf — hcosf = —
sin cos i
and also that

(i) 0>5

(ii) Usiné > %;
(iii) % > sin f.

Show that the particles collide at a height greater than %h if and only if the particle projected
from B is moving upwards at the time of collision.
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10

A particle P of mass m moves freely and without friction on a wire circle of radius a, whose
axis is horizontal. The highest point of the circle is H, the lowest point of the circle is L and
angle PHL = 0. A light spring of modulus of elasticity X is attached to P and to H. The
natural length of the spring is I, which is less than the diameter of the circle.

(i)  Show that, if there is an equilibrium position of the particle at § = «, where a > 0,
Al

th =——.
en cos« 3lan — mgl)

2mgl
20— 1

Show also that there will only be such an equilibrium position if A >

When the particle is at the lowest point L of the circular wire, it has speed u.

(ii) Show that, if the particle comes to rest before reaching H, it does so when 6 = 3,
where cos 3 satisfies

2

(cosa —cos B)? = (1 — cosa)? + % cos

Al

where cos o = m

2
Show also that this will only occur if u? < LA(2 —secaq).
m
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Section C: Probability and Statistics

11

A coin is tossed repeatedly. The probability that a head appears is p and the probability
that a tail appearsis ¢ =1 — p.

(i) A and B play a game. The game ends if two successive heads appear, in which case A
wins, or if two successive tails appear, in which case B wins.

Show that the probability that the game never ends is 0.

Given that the first toss is a head, show that the probability that A wins is 1 b
—Pq

Find and simplify an expression for the probability that A wins.

(ii) A and B play another game. The game ends if three successive heads appear, in which
case A wins, or if three successive tails appear, in which case B wins.

Show that
P(A wins | the first toss is a head) = p? + (¢ + pq) P(A wins | the first toss is a tail)

and give a similar result for P(A wins| the first toss is a tail).

Show that

N L k')
P(A wins) = -0

(iii) A and B play a third game. The game ends if a successive heads appear, in which case
A wins, or if b successive tails appear, in which case B wins, where a and b are integers
greater than 1.

Find the probability that A wins this game.

Verify that your result agrees with part (i) when a =b = 2.
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12

The score shown on a biased n-sided die is represented by the random variable X which has
1

distribution P(X =1i) = — 4+ ¢; for i = 1,2,...,n, where not all the ¢; are equal to 0.
n

(i) Find the probability that, when the die is rolled twice, the same score is shown on

both rolls. Hence determine whether it is more likely for a fair die or a biased die to
show the same score on two successive rolls.

(i) Use part (i) to prove that, for any set of n positive numbers z; (i = 1,2,...,n),

n i—1 n—1 n 2
=1

i=2 j=1

(iii) Determine, with justification, whether it is more likely for a fair die or a biased die to
show the same score on three successive rolls.
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accessibility standard WCAG 2.1 in a number of ways including missing text
alternatives and missing document structure.

If you need this document in a different format please email
admissionstesting@cambridgeassessment.org.uk telling us your name, email
address and requirements and we will respond within 15 working days.

©UCLES 2020 12


mailto:admissionstesting@cambridgeassessment.org.uk


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (ColorMatch RGB)
  /CalCMYKProfile (U.S. Sheetfed Uncoated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.245 841.846]
>> setpagedevice




