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STEP 2022, P3, Q5 - Solution (6 pages; 6/2/24)

(1) I = f ail+e X — f
integrand of the form f'(x)g(f(x)), so that the substitution

u = f(x) works]

Let u = e™*, so that du = —e*dx,
andl = [ =L du = —[In(u + 1, -
et u+1

[noting that u + 1 =e™ 4+ 1 > 0, so that In(u + 1) is defined]
=In(e*+1) —In(e™® + 1)

et+1
e a4+1

=In (=)

e%(e?+1)
1+e?

= In ( )

=In(e%) =a

[This result is in fact also true when a < 0. ]

(ii) 1st Part
Suppose that g(x) # 0 for some x = 0. (*)
Then, as g(x) is a continuous function, there will be an € > 0 such

that g(x) has the same sign for all x such that x; < x < x; + ¢,

so that f;lﬂg(x)dx 0 (*%)
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(considering the integral as the area under the graph of g(x))

But f;lﬁsg(x)dx — f()xﬁsg(x)dx — foxlg(x)dx =0-0,
as foag(x)dx =0 foralla = 0,

and this contradicts (**).

Hence (*) cannot be true, and so g(x) = 0 forall x > 0.

2nd Part
1 : s
Let g(x) = PR + ETa 1 [in order to use the 1st part,
hopefully]
1 1 ]
As f(x) =0, T and oo are defined for all x. And

therefore, as f(x) is continuous, g(x) will also be continuous.

a 1

Then f_a T

dx = a (foralla = 0)

a 1 a 1

a a
= [ g()dx=["_ T dx+[__ s Xt J_, —1dx

Writing u = —x, the 2nd integral = fa_a 1+;(u)

(—=Ddu

a 1
= f_a T dx ,
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1 1

1+f(x) * 1+f(=x)

Then, as g(x) = — 1, g(x)isan even function

[ie g(~x) = g(x)], and so [°, g(x)dx = [ g()dx,
and then from (***):

0= f_aag(x)dx = f_oag(x)dx + foag(x)dx =2 foag(x)dx,

so that foag(x)dx = 0 (foralla = 0).

1
So f_aa T dx = a(foralla > 0) = f_aag(x)dx =0

= foag(x)dx =0 (foralla = 0)

= g(x) = 0 for all x = 0 (from the result in the 1st Part)

1 1

ie T e 1=0 forallx >0

This is the ‘only if’ part of the required result.

For the ‘If’ part:

1

1

Suppose that PR + T 1 =0 (forallx = 0)
a 1 a 1

Then,as [__ el =/, o

1 1 1 1
[ dx=5{f_aa dx + [© dx}

—a1+f(x) 1+f(x) —a1+f(—x)

= %f_aa 1dx = %(a — (—a)) = a, as required (with no restriction
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on a, and so it applies when a = 0)

3rd Part

Result to prove:

1 1
1+f(x) t 1+f(—x)

—1=0 (forallx = 0)

if and only if f(x)f(—x) = 1 forall x

Only if part:

1 1 [1+f(—x)]+[1+f(x)]
—_ = > = =
om0 orallx =0) = e o

=2+ f(=0)+f) =14+ f(=x)+ f(x) + fx)f (—x)
= 1=fx)f(—x) (forallx = 0)

Also, writing y = —x , where x > 0 (so that y < 0):

1=f(=»)f) =fOf(=y),

sothat 1= f(x)f(—x) isalso true whenx < 0

If part:

f(x)f(—=x) =1 (for all x)

N 1 1 _ 1 + 1 1
— — — —
1+f(.X) 1+f(—X) 1+f(X) 1+m
1 Feo

T 1450 | Fo)+1
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1+ (%) 4
= e 1 =20 (forall x)

1 1 : :
and so PR + ErTa 1 =0 forall x = 0, in particular

(iii) From the 3rd Part of (ii), f dx = a foralla =0

a1+f()

h(x) (0 h(x) a h(x)
Then [* 57 4 = Laties @+ o 1o

For the 1stintegral, let u = —x, so that

0 h(x) _ 0 h(-uw) .
f—a 1+ (x) dx = fa 1+f(-u) (=1Ddu

a hw  _ cafh@)
0 1+—;-d” Jo Faper @

a h(x) a f(x)h(x)+h(x)
andso [ —==dx= | o

= foa h(x) dx , as required.

(iv) [We want to write e S i the form —&L , Where
1+f(x)
h(—x) = h(x) and f(—x) = f( ,and f(x) = 0;

)’

so setting e *cosx = h(x) (the most obvious thing to try) doesn’t

work, as h(—x) # h(x);

e *cosx
So we can try to rearrange ]
coshx
e *cosx _ 2C0SX __ 2cosx
coshx  e¥(eX+eX)  e2X4+1’

and we can set h(x) = 2cosx and f(x) = e?*

5
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as then h(—x) = h(x) and f(—x) = f( ,with f(x) = 0

)’

2cosx
i 2x+1

=2

ONI‘:l

So, from (iii): fz = fz 2cosx dx = 2[sinx]



