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STEP 2021, P3, Q4 - Solution (4 pages; 21/5/23)

(i) [(x.n)n and x — (x.n)n are the perpendicular components of
x, such that one of the components is in the direction of n , and
therefore the other is parallel to the plane.]

Let A be the angle between a and m, and B be the angle between
b and m.

Then a.m = |g||m|cosA and b.m = |Q||m|cosB,

COSA

so that —ﬁ ,as a and b are of unit length

cosB

as0<fd<m=20<A<mandO0<B<m

As m = % (a + b),itlies between a and b,andas A = B, m

therefore bisects the angle between a and b.

(ii) 1¢t Part

a.c=(a-(ac))c=ac—(ac)l =ac-ac=0as

required (as |g| =1)

2nd Part

la1)” = @101 = (a - (a-¢)c). (@ - (a.c)o)

a.a+(ac)(cc)-2(ac)
=1+ (ag)’ -2(ag)

=1-(ag)’
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=1 — (cosa)? = sin*a

Hence |aq| = sina

3rd Part

a;.by = |a||bs|cos¢p = sinasinBcosd

(as |b;1| = sinB, by the same method as in the 2nd Part)
Also, a1. by = (a — (a.¢)c). (b= (b.c)c)
=ab—(b.c)ac—(ac)b+(ac)(bc)cc

= cosO — 2cosficosa + cosacosf

So sinasinficos¢p = cosf — 2cosficosa + cosacosp,

cos@—cosacosf

and hence cos¢ = , as required.

sinasinf

(iii) Let C be the angle between a; and m,, and D be the angle
between b; and m,. Then m, bisects a; and b;when C = D,
provided that a; and b; do not have the same direction; ie
provided that ¢ # 0.

So consider separately the two cases:
Casel: ¢ #0
Case2:p =0

Now, cosf = cos(a — ) & cosf — cosacosf = sinasinf,

cosO@—cosacosf

so that, from (ii), cos¢ = = 1,and hence ¢ = 0

sinasinf
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So the result to prove becomes:

m bisects a; and b; ifand only if a = f or ¢ = 0 (***)

Also aymy = |21||m1|C05C and b;.m; = |Ql||m1|C05D **)

And m; = m— (m.c)c

=3 (a+b)—;[(a+b).ce (*

Andalso a; =a—(a.c)c and by =b —(b.c)c
sothat a+b =a; +(a.c)c + by + (b.¢)c
=a; + by +[(a+b).clc,

sothat (a+b)—[(a+b).clc =a; + by,

and hence from (*), m; = %(gl + by)

For Case 1 (¢ # 0), from (**):

1 .
cosC _ @15(@1+ by)sinf  (sina+sinasinfcose)sinf

cosD 21-%(214‘ by)sina - (sinasinBcosp+sin?fB)sina

Then cosC = cosD, and hence C = D (as both C & D lies between
0° and 180°) when

(sina + sinasinfcos¢p)sinf = (sinasinfcos¢p + sin?pB)sina;
ie when sina + sinficos¢ = sinacos¢p + sinf;

or sina — sinfl = cos¢p(sina — sinf);

ie when sina = sinf or cos¢ = 1;

iewhena = f (as a & ff are acute) or ¢ =0



fmng.uk
But, as ¢ # 0, we have proved that (for Case 1), m; bisects

a, and b, if and only if @ = 8, which means that (***) holds.

ForCase2 (¢ =0),a; = byandm,; = %(21 th)=a;,=Db

So m, bisects a; and b; and (***) holds, as ¢ = 0.



