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STEP 2021, P2, Q11 - Solution (4 pages; 22/2/23)

(i) 1st Part

p, = % (the probability that T; sits in ;)
2nd Part

P; = P(T; sitsin §;) X 1

+P (T, sits in S,) X P(T, sitsin §;|T; sitsin S,)
+P(T; sitsin S3) X 0

~iinied
(ii) 1st Part

If T sitsin S, (where k <n — 1) then Ty, ..., T)_4 will sit in their
allocated seats (for k = 3). T}, then has to choose their seat at
random, from seats

1L,k+1,k+2,..n(atotalofn — (k —1) = n— k + 1 seats),

and the situation is then the same as if T}, is the 1st passenger
arriving, and there aren — k + 1 passengers in total;

so that P(T,, sitsin S, |T; sitsin Sy) = P,,_k+1

If T; sits in S,, then T, has to choose their seat at random, from
seats 1, 3,4,5, ...n; atotal of n — 1 seats. And, when k = 2,

n—k+1=n-—1.

Thus, P(T,, sitsin S,|T; sitsin S;) = Pp_jy1for2 <k <n-—1
(withn = 3,sothatn — 1 = 2), as required.



2nd Part

B, = Yr=1 P(T; sitsin Sy). P(T, sits in S,,|T; sits in Sy)

= P(T, sitsin S;). P(T, sits in S,,|T; sitsin S;)

+ Y*22 P(T, sits in Sy,). P(T,, sits in S,|T; sits in Sy,)

+P(T, sitsin S,,). P(T,, sits in S,,|T; sitsin S,)

[Note that the result proved in the 1stPart only applies for

2<k<n-1]

1 11 1
=-.1+ (Z;}:%;-Pn—lﬁl) +g-0

n

Then, writingr =n — k + 1,

1 1
P, = _+EZ72~=n—1Pr

n

= %(1 + Y"-1P.),asrequired (for n > 3)

(iii) 1st Part

1 1 1 1 1
Po=(1+P+P) =1 (1+5+7) =1

1 1 1 1 1 1

We can conjecture that B, = %
2nd Part
Assume that P, = % (fork = 2)

Then, from the 2nd Part of (ii), with k + 1 = 3,

Pens = s (14 (e +11-2) (3))
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= 20t 1)(2+k—1)—

So, if Py, = % (with k = 2), then Py =~

As P, = -, itfollowsthatP; == ,P, =—, ...,

NIH
N |-

and so, by the principle of induction, P, = % foralln = 2

(iv) [In the same way as for the 1stPart of (ii),]

P(T,_1 sitsin S,,_1|T; sitsin S;) = Qn—k+1,

provided now that 2 < k <n — 2 (withn > 4,sothatn — 2 > 2),
Then Q,, = Y= P(T; sitsin Sy). P(T,,_; sits in S,,_;|T; sits in S)
= P(Ty sitsin S;). P(T,,_1 sits in S,,_4|T; sitsin S;)

+ YR_2 P(T; sits in Sy,). P(T,_ sitsin S,,_;|T; sitsin Sj)

+P(T, sitsin S,,_;). P(T,,_; sitsin S,,_{|T; sitsin S,,_;)

+P(T, sitsin S,,). P(T,,_ sits in S,,_4|T; sitsin S,))

=1+ (CR3 5 Qnor) +5.0 471

Then, writingr =n—k + 1,

n=— %(2 + Zizn—l Qr)

=~ (2+ X721 Qp) (forn > 4)

Now, Q, = P(T, sitsin S;) = %
and Q3 = P(T; sitsin §;) X 1

+P(T; sitsin S,) X 0
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+P(T; sitsin S3) X 1

_+_

OV I
OV I

So Qs =,(2+0)=;(2+3)

(2+3)-2

To prove by induction that Q,, = g, forn = 4:

2

vl =

andQ5=§(2+Q3+Q4)=

2
Assume that Q;, = 3

Then Qp,; = ﬁ(z + Q5+ Qq+ -+ Q)
e G- ()

B+k-2)=12

2
T 3(k+1)

So, if Q), = g then Qp,, = g
AsQ, = g , it follows by the principle of induction that

Qn =§f0rn24

2

Also (as already established), Q, = %and Q; = S



