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STEP 2020, P3, Q11 - Solution (4 pages; 4/6/23) 

 

(i) 1st Part 
 
Noting that the 3rd condition means that 𝑓 has reflective 
symmetry in 𝑦 = 𝑥,  an example of 𝑓 is shown below: 
 
 
 
 

 

 

 

 

 

Then, for 𝑦 ∈ [𝑎, 𝑏], as 𝑓 is decreasing, 

 𝑃(𝑌 ≤ 𝑦) = 𝑃(𝑋 ≥ 𝑥) =
𝑏−𝑥

𝑏−𝑎
=

𝑏−𝑓−1(𝑦)

𝑏−𝑎
 

=
𝑏−𝑓(𝑦)

𝑏−𝑎
,  as required. 

 

2nd Part 
 
𝑓𝑌(𝑦) = 𝐹′

𝑌(𝑦),  where 𝐹𝑌(𝑦) = 𝑃(𝑌 ≤ 𝑦)  [the cumulative  
 
distribution function of 𝑌] 
 

So 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
[

𝑏−𝑓(𝑦)

𝑏−𝑎
] = −

1

𝑏−𝑎
𝑓′(𝑦)   for  𝑦 ∈ [𝑎, 𝑏] (and zero 

elsewhere). 
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3rd Part 
 

𝐸(𝑌2) = ∫ 𝑦2𝑓𝑌(𝑦) 𝑑𝑦
𝑏

𝑎
  

 

= −
1

𝑏−𝑎
∫ 𝑦2𝑓′(𝑦) 𝑑𝑦

𝑏

𝑎
  

 

= −
1

𝑏−𝑎
[𝑦2𝑓(𝑦)]𝑏

𝑎
+

1

𝑏−𝑎
∫ 2𝑦𝑓(𝑦) 𝑑𝑦

𝑏

𝑎
    (by Parts) 

 

= −
1

𝑏−𝑎
(𝑏2𝑎 − 𝑎2𝑏) + ∫

2𝑥𝑓(𝑥) 

𝑏−𝑎
𝑑𝑥

𝑏

𝑎
  

 

= −𝑎𝑏 + ∫
2𝑥𝑓(𝑥) 

𝑏−𝑎
𝑑𝑥

𝑏

𝑎
 , as required. 

  
 

(ii)  When 𝑋 = 𝑎, 𝑍 = (
1

𝑐
−

1

𝑎
)

−1
= 𝑏, and when  𝑋 = 𝑏, 𝑍 = 𝑎.   

Also, 𝑍 decreases as 𝑋 increases. 

And, if 𝑧 = 𝑓(𝑥) = (
1

𝑐
−

1

𝑥
)

−1
, then as 𝑥 = (

1

𝑐
−

1

𝑧
)

−1
, 

𝑓−1(𝑧) = 𝑓−1(𝑓(𝑥)) = 𝑥 = 𝑓(𝑧), so that  𝑓(𝑥) = 𝑓−1(𝑥) 

Thus, 𝑓 satisfies the conditions in (i), and so the results 

established for 𝑌 will apply to 𝑍. 

 

So  𝐸(𝑍) = ∫ 𝑧𝑓𝑍(𝑧) 𝑑𝑧
𝑏

𝑎
 

= −
1

𝑏−𝑎
∫ 𝑧𝑓′(𝑧) 𝑑𝑧

𝑏

𝑎
, 

where  𝑓′(𝑧) =
𝑑

𝑑𝑧
(

1

𝑐
−

1

𝑧
)

−1
= − (

1

𝑐
−

1

𝑧
)

−2
(𝑧−2) 

= − (
𝑧

𝑐
− 1)

−2
= −𝑐2(𝑧 − 𝑐)−2  
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and hence  𝐸(𝑍) =
𝑐2

𝑏−𝑎
∫ 𝑧(𝑧 − 𝑐)−2 𝑑𝑧

𝑏

𝑎
 

=
𝑐2

𝑏−𝑎
∫

𝑧−𝑐

(𝑧−𝑐)2 +
𝑐

(𝑧−𝑐)2  𝑑𝑧
𝑏

𝑎
  

=
𝑐2

𝑏−𝑎
[ln|𝑧 − 𝑐| −

𝑐

𝑧−𝑐
]
𝑏
𝑎

  

=
𝑐2

𝑏−𝑎
(ln |

𝑏−𝑐

𝑎−𝑐
| −

𝑐

𝑏−𝑐
+

𝑐

𝑎−𝑐
)  

Now 
1

𝑐
=

1

𝑎
+

1

𝑏
 ⇒

1

𝑐
−

1

𝑎
=

1

𝑏
 , so that 

𝑎−𝑐

𝑎𝑐
=

1

𝑏
 

and hence  
𝑐

𝑎−𝑐
=

𝑏

𝑎
 , and by symmetry 

𝑐

𝑏−𝑐
=

𝑎

𝑏
  (**) 

So  𝐸(𝑍) =
𝑐2

𝑏−𝑎
(ln |

𝑏−𝑐

𝑎−𝑐
| −

𝑎

𝑏
+

𝑏

𝑎
) 

 

[In fact, 
𝑐2

𝑏−𝑎
(−

𝑎

𝑏
+

𝑏

𝑎
) =

𝑐2

𝑏−𝑎
 .

𝑏2−𝑎2

𝑎𝑏
=

𝑐2(𝑏+𝑎)

𝑎𝑏
 , 

and as 𝑐 =
1

(
1

𝑎
+

1

𝑏
)

=
𝑎𝑏

𝑎+𝑏
 , it simplifies further to c] 

 

Also, from the 3rd Part of (i), 𝐸(𝑍2) = −𝑎𝑏 + ∫
2𝑧𝑓(𝑧) 

𝑏−𝑎
𝑑𝑧

𝑏

𝑎
 

= −𝑎𝑏 +
2

𝑏−𝑎
∫ 𝑧 (

1

𝑐
−

1

𝑧
)

−1
𝑑𝑧

𝑏

𝑎
  

= −𝑎𝑏 +
2𝑐

𝑏−𝑎
∫

𝑧2

𝑧−𝑐
𝑑𝑧

𝑏

𝑎
  

= −𝑎𝑏 +
2𝑐

𝑏−𝑎
∫

𝑧2−𝑐2

𝑧−𝑐
+

𝑐2

𝑧−𝑐
𝑑𝑧

𝑏

𝑎
  

= −𝑎𝑏 +
2𝑐

𝑏−𝑎
[

1

2
𝑧2 + 𝑐𝑧 + 𝑐2 ln|𝑧 − 𝑐|]

𝑏
𝑎

  

= −𝑎𝑏 +
2𝑐

𝑏−𝑎
(

1

2
(𝑏2 − 𝑎2) + 𝑐(𝑏 − 𝑎) + 𝑐2 ln |

𝑏−𝑐

𝑎−𝑐
|)  
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= −𝑎𝑏 + 𝑐(𝑏 + 𝑎) + 2𝑐2 +
2𝑐3

𝑏−𝑎
ln |

𝑏−𝑐

𝑎−𝑐
|  

 

As 
𝑐

𝑏−𝑐
=

𝑎

𝑏
 , 𝑏𝑐 = 𝑎𝑏 − 𝑎𝑐, so that −𝑎𝑏 + 𝑐(𝑏 + 𝑎) = 0  (*) 

and so, writing  𝐴 = ln |
𝑏−𝑐

𝑎−𝑐
|,  𝐸(𝑍2) = 2𝑐2 +

2𝑐3𝐴

𝑏−𝑎
  

 

Then 𝑉𝑎𝑟𝑍 = 𝐸(𝑍2) − [𝐸(𝑍)]2  

= 2𝑐2 +
2𝑐3𝐴

𝑏−𝑎
 −(

𝑐2

𝑏−𝑎
(𝐴 −

𝑎

𝑏
+

𝑏

𝑎
))2  

 

Now, −
𝑎

𝑏
+

𝑏

𝑎
=

𝑏2−𝑎2

𝑎𝑏
=

(𝑏−𝑎)(𝑏+𝑎)

𝑐(𝑏+𝑎)
  (from (*)) 

=
𝑏−𝑎

𝑐
  

so that  𝑉𝑎𝑟𝑍 = 2𝑐2 +
2𝑐3𝐴

𝑏−𝑎
−

𝑐4

(𝑏−𝑎)2 (𝐴 +
𝑏−𝑎

𝑐
)2 

= 2𝑐2 +
2𝑐3𝐴

𝑏−𝑎
−

𝑐4𝐴2

(𝑏−𝑎)2 −
2𝑐3𝐴

𝑏−𝑎
− 𝑐2  

= 𝑐2 −
𝑐4𝐴2

(𝑏−𝑎)2  

Then, as 𝑉𝑎𝑟𝑍 > 0 (𝑍 is not constant, so 𝑉𝑎𝑟𝑍 ≠ 0), 

1 −
𝑐2𝐴2

(𝑏−𝑎)2 > 0,  so that  
𝑐𝐴

𝑏−𝑎
< 1, 

and hence  ln |
𝑏−𝑐

𝑎−𝑐
| <

𝑏−𝑎

𝑐
   (as 𝑏 − 𝑎 > 0) 

Also, 
𝑏−𝑐

𝑎−𝑐
=

(𝑏−𝑐)/𝑐

(𝑎−𝑐)/𝑐
=

𝑏/𝑎

𝑎/𝑏
> 0, 

so that  ln (
𝑏−𝑐

𝑎−𝑐
) <

𝑏−𝑎

𝑐
 , as required. 


