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STEP 2019, P3, Q9 - Solution (3 pages; 22/7/20)

(i) 1st part

Referring to the diagram, r = (asinf — s)i + acosf J
2nd part

T = (acos@. 6 — S)L' — asinf. 9]_'

or (aécos@ — S‘)L' — aésinej_' , as required.

3rd part

By conservation of momentum in the i direction (assuming that
the impulse causing the displacement is negligible)

[There is an external force (gravity) acting in the (negative) j

direction, so that there is no conservation of momentum.]
M(=s) + m(aécos@ — s) =0
= mabcosh = $(M + m)

= $ = —— abcosh = (1 —k)aBcosb ,
m+M

M :
where k = ——, as required.
m+M
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4th part
So Z = (aéCOSH — S)L — ClHSlngl
= (abcosd — (1 — k)abcosh)i — afsindj

= af(kcosOi — sindj), as required.

(ii) By conservation of energy,
increase in KE = reduction in PE (of particle),
so that %M:;*2 + %m| 7|> = mga(1 — cos0)
= M[(1 - k)a90056]2 + m(aé)z[(kcose)2 + (—sinB)?]
= 2mga(1l — cos0)
= af? {% (1 — k)?cos?0 + k?cos?0 + sinZH}
=2g(1 —cosf) (A)
M 1

1 m
NOW,k—m+M—(m) 1,sothat M+1—E

M

m 1-k M k
and — = —,so that — = —
M k m 1-k

and hence %(1—1«)2 +k2=k(1—-k)+k?=k

Then (A) = a6?(kcos?6 + sin?0) = 2g(1 — cosh), as required.

(iii) 1st part

[The suggested approach of considering the component of #
parallel to the vector sinfi + kcos6j is arguably more of a

hindrance than a help. ¥ = —gj is the key idea, and it isn't
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necessary to consider the component). Also, there is no

explanation in the official sol'n as to why considering this
component might be a good idea (it just happens to give the
required result). The vector sinfi + kcos8j is perpendicular to 7,

but it isn't obvious why this is relevant (if it is).]

7 = af(kcosOi — sindj)

=i =ab (kcos@g' — sinHJ_') + af(—ksinb.0i — cosh. 9]_')
When the particle loses contact, ¥ = —g J

= abkcosa — aB%ksina = 0

= Gcosa — 6?sina = 0

and afsina + af?cosa = g

a . .
—)sina + ab?cosa = g

PR S L)
Eliminating 0, a( jm

c
= af?(sina + cos’a) = gcosa

= af? = gcosa , as required.

2nd part

Substituting for af? in the result shown in (ii),
gcosa(kcos?a + sin*a) = 2g(1 — cosa),

= kcos3a + cosa(l — cos?a) — 2 + 2cosa = 0
= (k — 1)cos3a + 3cosa —2 =0

3rd part

= 3cosa —2=(1—k)cos3a >0 (asa < g)

2 .
= cosa > 3 as required.



