
 fmng.uk 

1 
 

STEP 2018, P3, Q3 - Solution (2 pages; 24/5/19) 

𝑥𝑎(𝑥𝑏(𝑥𝑐𝑦)′)′ = 𝑥𝑎(𝑏𝑥𝑏−1(𝑥𝑐𝑦)′ + 𝑥𝑏(𝑥𝑐𝑦)′′)  

= 𝑏𝑥𝑎+𝑏−1[𝑐𝑥𝑐−1𝑦 + 𝑥𝑐𝑦′] + 𝑥𝑎+𝑏(𝑐𝑥𝑐−1𝑦 + 𝑥𝑐𝑦′)′)  

= 𝑏𝑐𝑥𝑎+𝑏+𝑐−2𝑦 + 𝑏𝑥𝑎+𝑏+𝑐−1𝑦′  

+𝑥𝑎+𝑏[𝑐(𝑐 − 1)𝑥𝑐−2𝑦 + 𝑐𝑥𝑐−1𝑦′ + 𝑐𝑥𝑐−1𝑦′ + 𝑥𝑐𝑦′′]  

= 𝑦′′𝑥𝑎+𝑏+𝑐 + 𝑦′𝑥𝑎+𝑏+𝑐−1[𝑏 + 2𝑐]  

+𝑦𝑥𝑎+𝑏+𝑐−2[𝑏𝑐 + 𝑐(𝑐 − 1)]  

Comparing with the given DE, 

𝑎 + 𝑏 + 𝑐 = 2, 𝑏 + 2𝑐 = 1 − 2𝑝, 𝑐(𝑏 + 𝑐 − 1) = 𝑝2 − 𝑞2 

Let 𝑑 = 𝑏 + 𝑐, so that 

𝑎 + 𝑑 = 2  (1), 𝑐 + 𝑑 = 1 − 2𝑝 (2), 𝑐(𝑑 − 1) = 𝑝2 − 𝑞2(3)  

Then, from (2),  𝑑 − 1 = −𝑐 − 2𝑝 and then from (3): 

𝑐(−𝑐 − 2𝑝) = 𝑝2 − 𝑞2  

or 𝑐2 + 2𝑝𝑐 + 𝑝2 − 𝑞2 = 0, 

so that we can have 𝑐 =
−2𝑝+√4𝑝2−4(𝑝2−𝑞2)

2
= −𝑝 + 𝑞 

with 𝑏 = 𝑑 − 𝑐 = (1 − 𝑐 − 2𝑝) − 𝑐 = 1 − 2(−𝑝 + 𝑞) − 2𝑝 

= 1 − 2𝑞  

and 𝑎 = 2 − 𝑑 = 2 − (1 − 𝑐 − 2𝑝) = 1 + (−𝑝 + 𝑞) + 2𝑝 

= 1 + 𝑝 + 𝑞  

 

(i) The DE can be written as  

𝑥1+𝑝+𝑞(𝑥1−2𝑞(𝑥−𝑝+𝑞𝑦)′)′ = 0  
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⇒ 𝑥1−2𝑞(𝑥−𝑝+𝑞𝑦)′ = 𝐶 (in order to hold for all 𝑥) 

⇒ 𝑥−𝑝+𝑞𝑦 = 𝐶 ∫ 𝑥2𝑞−1𝑑𝑥 =
𝐶

2𝑞
𝑥2𝑞 + 𝐷 , provided 𝑞 ≠ 0 

⇒ 𝑦 =
𝐶

2𝑞
𝑥𝑝+𝑞 + 𝐷𝑥𝑝−𝑞   or  C'𝑥𝑝+𝑞 + 𝐷𝑥𝑝−𝑞    

If 𝑞 = 0, 𝑦 = 𝐶𝑥𝑝(𝑙𝑛𝑥 + 𝐷) 

 

(ii) The DE to solve is  𝑥1+𝑝(𝑥(𝑥−𝑝𝑦)′)′ = 𝑥𝑛 

⇒ 𝑥(𝑥−𝑝𝑦)′ = ∫ 𝑥𝑛−𝑝−1𝑑𝑥  

⇒ (𝑥−𝑝𝑦)′ =
1

𝑥
(

1

𝑛−𝑝
𝑥𝑛−𝑝 + 𝐶)  

unless 𝑝 = 𝑛, when (𝑥−𝑝𝑦)′ =
1

𝑥
(𝑙𝑛𝑥 + 𝐶) 

For 𝑝 ≠ 𝑛, 𝑥−𝑝𝑦 =
1

𝑛−𝑝
∫ 𝑥𝑛−𝑝−1 +

𝐶

𝑥
 𝑑𝑥 

⇒ 𝑦 =
𝑥𝑝

𝑛−𝑝
(

1

𝑛−𝑝
𝑥𝑛−𝑝 + 𝐶𝑙𝑛𝑥 + 𝐷) =

1

(𝑛−𝑝)2 𝑥𝑛 +
𝑥𝑝(𝐶𝑙𝑛𝑥+𝐷)

𝑛−𝑝
  

 

For 𝑝 = 𝑛, 𝑦 = 𝑥𝑝 ∫
𝑙𝑛𝑥

𝑥
𝑑𝑥 + 𝐶𝑥𝑝 ∫

1

𝑥
𝑑𝑥 

For the 1st integral, let 𝑢 = 𝑙𝑛𝑥 [as ∫
1

𝑥
𝑑𝑥 = 𝑙𝑛𝑥], 

so that 𝑦 = 𝑥𝑝 ∫ 𝑢𝑑𝑢 + 𝐶𝑥𝑝(𝑙𝑛𝑥 + 𝐷) 

= 𝑥𝑝[
1

2
(𝑙𝑛𝑥)2 + 𝐸] + 𝐶𝑥𝑝(𝑙𝑛𝑥 + 𝐷)  

= 𝑥𝑝[
1

2
(𝑙𝑛𝑥)2 + 𝐶𝑙𝑛𝑥 + 𝐶′]  

[Only two arbitrary constants are expected for a 2nd order DE.] 


