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STEP 2018, P3, Q2 - Solution (3 pages; 23/5/19)

N dyn 1\dz d"z 1, d*t1z
i)t = D" (-5) 5 G+ CD'Q g O
1\dz _1( 1 1
and (=) & =7 (=) (202 = 2x)),
and (—1)" = —(—1)"*1,
so that (1) = 2xy,, — Yn+1
(ii) From (i), the required result will be true if % = 2Ny, _1
Whenn =1, RHS = 2y, = 2
Now y; = _laz_ —l(—Zx)z = 2x,sothat LHS = Dy
z dx z dx

Thus the result is true forn = 1.

Assume that the result is true for n = k, so that
Yi+1 = 2XYx — 2kyr—1 (2)

The aim is to prove that it is then true that

Viesz = 2XYi+1 — 2(k + 1)y, (3) (theresultforn =k + 1)

. d
From (i), Yirz = 2XYirt — T (4)

and by (2), dJ;’;“ =2y, + Zx% — 2k %,

which by (i) equals 2y, + 2x(2xy, — Yi+1) — 2k(2XYi—1 — Vi)
= v, (2 + 4x? + 2k) — 2xyp 41 — 4kxy_4

which by (2) equals

Vi (2 + 4x? + 2k) — 2x(2xy, — 2ky_1) — 4kxy_q

=y, (2 + 2k),



so that (4) becomes yy., = 2xYi4+1 — 2V, (1 + k),
which is the required result (3).

So if the result is true for n = k, then itis true forn = k + 1.

As the result is true for n = 1, it is therefore true forn = 2,3,

and hence all integer n > 1, by the principle of induction.

Vi1 = YnVn+2 = 2n(VF = Yn-1Yn+1) — 2V7

= 4x?y; + 4n*y;_q — 8xny,Yn_

~Yn(2xYn41 — 2+ Dyn) — 20 + Dy + 2nyn_1Ynes
= 4x%y7 + 4nPy; | — 8xXnY,yn_q

—2xYn (2xYy — 2nYn_q) + 2nyn_1 XYy — 2nY5_1)

= 0, which proves the required result.

(iii) To carry out a proof by induction,

result to prove: yZ — y,y, > 0 (whenn = 1)

By definition, y; = S (—2x)z = 2x

Zdx zZ

and by the first result established in (ii):
Y2 = 2xy; — 2y = 4x* — 2

Soy2 —yoy, = 4x%2 — (4x2 —=2)=2>0
Thus the result is true for n = 1.

Then, if true for n = k, the 2nd result established in (ii)
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= itis true forn = k + 1, as the expression for n = k + 1 equals

2n X (the expression forn = k) + 2y2 ; ie the sum of a positive

quantity and a non-negative quantity.
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And so (by the same reasoning as before), the required result is

proved by induction.



