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STEP 2018, P1, Q13 - Solution (2 pages; 16/5/20) 

(i) If 𝑘 < 3, then A cannot pass. 

Let X be the number of correct answers. Then 𝑋~𝐵(𝑘,
1

𝑛
) 

If 𝑘 = 3, then A will pass only if 𝑋 = 3. 

𝑃(𝑋 = 3) = ( 
1

𝑛
 )3     (A) 

If 𝑘 = 4, then A will pass only if 𝑋 = 3 or 4 

𝑃(𝑋 = 3 𝑜𝑟 4) = 4 ( 
1

𝑛
 )

3
(1 −

1

𝑛
) + ( 

1

𝑛
 )4  

= ( 
1

𝑛
 )

3
{4 −

4

𝑛
+

1

𝑛
} = ( 

1

𝑛
 )

3 (4𝑛−3)

𝑛
=

4𝑛−3

𝑛4    (B) 

To compare with (A): 

(4𝑛−3)

𝑛4 −
1

𝑛3 =
3𝑛−3

𝑛4 =
3(𝑛−1)

𝑛4 > 0, as 𝑛 ≥ 2, so (B) > (A) 

If 𝑘 = 5, then A will pass only if 𝑋 = 4 or 5 

𝑃(𝑋 = 4 𝑜𝑟 5) = 5 ( 
1

𝑛
 )

4
(1 −

1

𝑛
) + ( 

1

𝑛
 )5  

= ( 
1

𝑛
 )

3
{

5

𝑛
−

5

𝑛2 +
1

𝑛2} = ( 
1

𝑛
 )

3 (5𝑛−4)

𝑛2 =
5𝑛−4

𝑛5    (C) 

To compare with (B): 

(4𝑛−3)

𝑛4 −
(5𝑛−4)

𝑛5 =
4𝑛2−3𝑛−5𝑛+4

𝑛5 =
4(𝑛2−2𝑛+1)

𝑛2 =
4(𝑛−1)2

𝑛2 > 0   

when 𝑛 ≥ 2 

So (B) > (C), and the probability of passing is maximised when 

𝑘 = 4. 
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(ii) 𝑃(𝑘 = 4 | 𝐵 𝑝𝑎𝑠𝑠𝑒𝑠) =
𝑃(𝑘=4 & 𝐵 𝑝𝑎𝑠𝑠𝑒𝑠)

𝑃(𝐵 𝑝𝑎𝑠𝑠𝑒𝑠)
 

𝑃(𝑘 = 4 & 𝐵 𝑝𝑎𝑠𝑠𝑒𝑠) = 𝑃(𝐵 𝑝𝑎𝑠𝑠𝑒𝑠 |𝑘 = 4)𝑃(𝑘 = 4)  

=
4𝑛−3

𝑛4  .
1

6
=

4𝑛−3

6𝑛4   

 

and 𝑃(𝐵 𝑝𝑎𝑠𝑠𝑒𝑠) =
1

6
𝑃(𝑝𝑎𝑠𝑠𝑒𝑠 |𝑘 = 3) +

1

6
𝑃(𝑝𝑎𝑠𝑠𝑒𝑠 |𝑘 = 4) 

+
1

6
𝑃(𝑝𝑎𝑠𝑠𝑒𝑠 |𝑘 = 5)  

=
1

6
(

1

𝑛3 +
4𝑛−3

𝑛4 +
5𝑛−4

𝑛5 }  

=
𝑛2+𝑛(4𝑛−3)+(5𝑛−4)

6𝑛5 =
5𝑛2+2𝑛−4

6𝑛5   

 

So 𝑃(𝑘 = 4 | 𝐵 𝑝𝑎𝑠𝑠𝑒𝑠) =
(

4𝑛−3

6𝑛4 )

(
5𝑛2+2𝑛−4

6𝑛5 )
=

𝑛(4𝑛−3)

5𝑛2+2𝑛−4
 

 

(iii) 𝑃(𝐶 𝑝𝑎𝑠𝑠𝑒𝑠) = 𝑃(𝐶 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 3 𝑞′𝑛𝑠)
1

𝑛3 

+𝑃(𝐶 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 4 𝑞′𝑛𝑠)
4𝑛−3

𝑛4   

+𝑃(𝐶 𝑎𝑛𝑠𝑤𝑒𝑟𝑠 5 𝑞′𝑛𝑠)
5𝑛−4

𝑛5   

= (
5
3

) (
𝑛

𝑛+1
)3(1 −

𝑛

𝑛+1
)2 1

𝑛3  

+5 (
𝑛

𝑛+1
)

4
(1 −

𝑛

𝑛+1
)

4𝑛−3

𝑛4   

+ (
𝑛

𝑛+1
)

5 5𝑛−4

𝑛5   

=
1

(𝑛+1)5
{10 + 5(4𝑛 − 3) + (5𝑛 − 4)} =

25𝑛−9

(𝑛+1)5   


