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STEP 2017, P3, Q12 - Solution (2 pages; 14/7/20)

(i) 1st part
PX=x)=%0=1k(x+y)

= kxn + k.%n(n + 1)

And Y31 X0 k(x +y) =1,

so that Z{kn.%n(n + 1)} = 1 (by symmetry),

1
n2(n+1)

and hence k =

1
n2(n+1)

SoP(X =x) =

(xn + %n(n + 1))

_ 2xindl o ntltax
2n(n+1) 2n(n+1)

, as required.

2nd part

P(X=x,Y=Y)

PX=x|Y =y)= =)

n+1+2y
2n(n+1)’

By symmetry, P(Y = y) =

P(X=xY=y)  k(x+y)

— - (n+1+2y
P(Y=y) (2n(n+1))

so that

X and Y independent © P(X = x|Y =y) =P(X =x) forallx &y

k(x+y) _ n+1+2x

n+1+2y\ —
(Zn(n+1)) 2n(n+1)

[Alternatively, P(X = x|Y = y) = P(X = x) P(Y = y) canjustbe
quoted as the condition for independence.]

& k(x+y)(2n(n + 1))2 =nn+1+2x)(n+1+2y) (1)
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1 . _
and as k = FmrD writing N =n + 1,

(1) e 4(x+y)N =N+ 2x)(N + 2y)
& (N —-2x)(N —2y) =0,

. . n+1 n+1
which is only true when x = —ory =—-

Asitisn'ttrue forall x & y, Xand Y are not independent.
(i) Cov(X,Y) = E(XY) — E(X)E(Y)
E(XY) = X3=12y=1k(x + y)xy

= Zk{%n(n + 1) ¥"_, x?}, by symmetry

1
n2(n+1)

Sk
ol

nn+1)(2n+1),as k =

=>(n+1)(2n+ 1)

And E(X) =X2_{P(X =x)x

_ wn  nHld2x

 Ax=lopmer)
1 1 11
= .En(n + 1)+ n(nﬂ).gn(n +1)2n+1)

— 1—12(3(11 +1)+22n+1))

= —(7n+5)

And, by symmetry, E(Y) = 1—12 (7n +5) also.

So Cov(X,Y) = %(n +1DC2n+1) - 714 (7n + 5)2
- ﬁ{24(2n2 +3n+ 1) — (4912 + 70n + 25)}

_Elz;{_nz t2n—1}= —ﬁ(n— 1)> < 0,asn = 2; as required



