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STEP 2017, P2, Q10 - Solution (3 pages; 27/5/20) 

1st part 

Let 𝐹(𝑥) be the force applied by the engine. 

Then, by N2L, 𝐹(𝑥) − 𝐴𝑣2 − 𝑅 = 𝑚𝑎,     

and the work done by the engine is ∫ 𝐹(𝑥)𝑑𝑥
𝑑

0
 

= ∫ (𝑚𝑎 + 𝑅 + 𝐴𝑣2) 𝑑𝑥
𝑑

0
 , as required. 

 

2nd part 

𝑑𝑣

𝑑𝑥
=

𝑑𝑣

𝑑𝑡
 .

𝑑𝑡

𝑑𝑥
= 𝑎 .

1

𝑣
  , and so 𝑑𝑥 = 𝑑𝑣 .

𝑣

𝑎
  

When 𝑥 = 0, 𝑣 = 0, 

and ′𝑣2 = 𝑢2 + 2𝑎𝑠′ ⇒ 𝑣 = √2𝑎𝑑 = 𝑤  when 𝑥 = 𝑑 

Then ∫ (𝑚𝑎 + 𝑅 + 𝐴𝑣2) 𝑑𝑥
𝑑

0
= ∫

(𝑚𝑎+𝑅+𝐴𝑣2)𝑣

𝑎
 𝑑𝑣

𝑤

0
 , as required. 

 

(i) Work done for the 2nd half is  ∫
(−𝑚𝑎+𝑅+𝐴𝑣2)𝑣

−𝑎
 𝑑𝑣,

𝑤1

𝑤
 

where 𝑤1
2 = 𝑤2 + 2(−𝑎)𝑑 = 2𝑎𝑑 − 2𝑎𝑑 = 0 

So work done for 2nd half 

= [
1

2
(𝑚 −

𝑅

𝑎
) 𝑣2 −

𝐴𝑣4

4𝑎
]

0
𝑤

  

=
1

2
(𝑚 −

𝑅

𝑎
) (0 − 𝑤2) −

𝐴

4𝑎
(0 − 𝑤4)  

=
1

2
(𝑚 −

𝑅

𝑎
) (−2𝑎𝑑) +

𝐴

4𝑎
(2𝑎𝑑)2  

= −𝑚𝑎𝑑 + 𝑅𝑑 + 𝐴𝑎𝑑2  
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Work done for the 1st half is  [
1

2
(𝑚 +

𝑅

𝑎
) 𝑣2 +

𝐴𝑣4

4𝑎
]
𝑤
0

 

=
1

2𝑎
(𝑚𝑎 + 𝑅)(2𝑎𝑑) +

𝐴(2𝑎𝑑)2

4𝑎
  

= (𝑚𝑎 + 𝑅)𝑑 + 𝐴𝑎𝑑2  

So total work done is  

(−𝑚𝑎𝑑 + 𝑅𝑑 + 𝐴𝑎𝑑2) + (𝑚𝑎 + 𝑅)𝑑 + 𝐴𝑎𝑑2  

= 2𝐴𝑎𝑑2 + 2𝑅𝑑, as required. 

 

Note that, for the 1st half of the journey,  

𝐹(𝑥) = 𝑚𝑎 + 𝑅 + 𝐴𝑣2 > 0 (as 𝐴 & 𝑅 must be positive) 

And for the 2nd half of the journey,  

𝐹(𝑥) = −𝑚𝑎 + 𝑅 + 𝐴𝑣2 > 0,  as 𝑅 > 𝑚𝑎 

So the engine is doing positive work at all times. 

  

(ii) 𝐹(𝑥) falls to zero (during the 2nd half of the journey) when 

−𝑚𝑎 + 𝑅 + 𝐴𝑣2 = 0; 

ie  when 𝐴𝑣2 = 𝑚𝑎 − 𝑅, and 𝑣 = √
𝑚𝑎−𝑅

𝐴
  (which is defined,  

as 𝑅 < 𝑚𝑎) 

In order for the speed to equal √
𝑚𝑎−𝑅

𝐴
 at some point, 

√
𝑚𝑎−𝑅

𝐴
< 𝑤 = √2𝑎𝑑, 

so that  
𝑚𝑎−𝑅

𝐴
< 2𝑎𝑑;  𝑚𝑎 − 𝑅 < 2𝐴𝑎𝑑, and 𝑅 > 𝑚𝑎 − 2𝐴𝑎𝑑 
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(as given). 

Let 𝑤′ = √
𝑚𝑎−𝑅

𝐴
 

Then work done for the whole journey 

= (𝑚𝑎 + 𝑅)𝑑 + 𝐴𝑎𝑑2  [from (i)] 

+[
1

2
(𝑚 −

𝑅

𝑎
) 𝑣2 −

𝐴𝑣4

4𝑎
]𝑤′

𝑤
 [also from (i)] 

= (𝑚𝑎 + 𝑅)𝑑 + 𝐴𝑎𝑑2  

+{
1

2
(𝑚 −

𝑅

𝑎
) (

𝑚𝑎−𝑅

𝐴
) −

𝐴

4𝑎
(

𝑚𝑎−𝑅

𝐴
)

2
−

1

2
(𝑚 −

𝑅

𝑎
) (2𝑎𝑑) +

𝐴

4𝑎
(2𝑎𝑑)2}   

 

= (𝑚𝑎 + 𝑅)𝑑 + 𝐴𝑎𝑑2 +
(𝑚𝑎−𝑅)2

𝐴𝑎
(

1

2
−

1

4
) − 𝑚𝑎𝑑 + 𝑅𝑑 + 𝐴𝑎𝑑2  

= 2𝑅𝑑 + 2𝐴𝑎𝑑2 +
(𝑚𝑎−𝑅)2

4𝐴𝑎
 , as required. 


