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STEP 2017, P1, Q2 - Solution (2 pages; 6/10/19)
()< lfort>1= [72de <[ 1det = [Int]] < [t]]

= Inx <x—1, wherex > 1

~+ |-

>1for0<t<1,s0if0<x<1, [[~dt=[ 1dt

= [lnt])lc = [t])lc = —Inx > 1—x = Inx < x —1again

| 1 x 1 x1
(11)t—2S?f0rt21=>f1t—2dtSf1;

11X
dt:[—;] < [Int]
=>1—%Slnx=>lnx21—iforx21
11 11 11
For0<t<1,>7,sothat [/ dt>[ +dt
=>[—l]12 [lnt]1=>1—12—lnx
tlx X X

=>lnxz1—§wheno<x<1

So Inx > l—iforx> 0

(iii) [ 1.Inx dx = xlnx — fxi dx = xlnx — x (+c¢)

From (*),ify > l,flylnx dx < flyx—l dx

y
1

y

1
< [EXZ —x]l

= [ xlnx — x]
=>ylny—y+1S%y2—y—%+1

1 1
= ylny Szyz —3

> ylny < (y - Dy + 1)



Jl/n—y < — ,prov1dedy + 1
f0<y<1,(9= [ lnxdx < [ x—1 dx

1 1 5 1

=>—1—ylny+yS%—1—%y2+y

11
= —ylny < - —-y?

1
= —ylny<-(1-y)A+y)

l
:ﬂ<y+1 ,asl—y >0
y-17 2y
l
Soﬂﬁy—ﬂfory>0&y¢1
y-1 2y

To establish the left-hand inequality:
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Note: In the official mark scheme, in the alternative method for
(ii), the last 3 lines should say:

"Therefore, ... the LHS [Inx] grows more rapidly for x > 1 and the
RHS [1 — i] grows more rapidly for x < 1, the inequality is true.”

[as can be seen by sketching the 2 curves]



