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STEP 2017, P1, Q2 - Solution (2 pages; 6/10/19) 

(i) 
1

𝑡
≤ 1 for 𝑡 ≥ 1 ⇒ ∫

1

𝑡
 𝑑𝑡 ≤

𝑥

1
∫ 1 𝑑𝑡

𝑥

1
⇒ [𝑙𝑛𝑡]

𝑥
1

≤ [𝑡]
𝑥
1

 

⇒ 𝑙𝑛𝑥 ≤ 𝑥 − 1, where 𝑥 ≥ 1 

1

𝑡
≥ 1 for 0 < 𝑡 < 1, so if 0 < 𝑥 ≤ 1,  ∫

1

𝑡
 𝑑𝑡 ≥

1

𝑥
∫ 1 𝑑𝑡

1

𝑥
 

⇒ [𝑙𝑛𝑡]1
𝑥

≥ [𝑡]1
𝑥

⇒ −𝑙𝑛𝑥 ≥ 1 − 𝑥 ⇒ 𝑙𝑛𝑥 ≤ 𝑥 − 1 again 

 

(ii) 
1

𝑡2 ≤
1

𝑡
 for 𝑡 ≥ 1 ⇒ ∫

1

𝑡2  𝑑𝑡 ≤
𝑥

1 ∫
1

𝑡
 𝑑𝑡

𝑥

1
⇒ [−

1

𝑡
]

𝑥
1

≤ [𝑙𝑛𝑡]
𝑥
1

 

⇒ 1 −
1

𝑥
≤ 𝑙𝑛𝑥 ⇒ 𝑙𝑛𝑥 ≥ 1 −

1

𝑥
  for 𝑥 ≥ 1 

For 0 < 𝑡 < 1, 
1

𝑡2 ≥
1

𝑡
 , so that  ∫

1

𝑡2  𝑑𝑡 ≥
1

𝑥 ∫
1

𝑡
 𝑑𝑡

1

𝑥
 

⇒ [−
1

𝑡
]

1
𝑥

≥ [𝑙𝑛𝑡]1
𝑥

⇒
1

𝑥
− 1 ≥ −𝑙𝑛𝑥  

⇒ 𝑙𝑛𝑥 ≥ 1 −
1

𝑥
  when 0 < 𝑥 < 1  

So 𝑙𝑛𝑥 ≥ 1 −
1

𝑥
 for 𝑥 > 0 

 

(iii) ∫ 1. 𝑙𝑛𝑥 𝑑𝑥 = 𝑥𝑙𝑛𝑥 − ∫ 𝑥.
1

𝑥
 𝑑𝑥 = 𝑥𝑙𝑛𝑥 − 𝑥 (+𝑐) 

From (*), if 𝑦 ≥ 1, ∫ 𝑙𝑛𝑥 𝑑𝑥 ≤ ∫ 𝑥 − 1
𝑦

1
 𝑑𝑥

𝑦

1
 

⇒ [ 𝑥𝑙𝑛𝑥 − 𝑥]
𝑦
1

≤ [
1

2
𝑥2 − 𝑥]

𝑦
1

  

⇒ 𝑦𝑙𝑛𝑦 − 𝑦 + 1 ≤
1

2
𝑦2 − 𝑦 −

1

2
+ 1  

⇒ 𝑦𝑙𝑛𝑦 ≤
1

2
𝑦2 −

1

2
  

⇒ 𝑦𝑙𝑛𝑦 ≤
1

2
(𝑦 − 1)(𝑦 + 1)  
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⇒
𝑙𝑛𝑦

𝑦−1
≤

𝑦+1

2𝑦
 , provided 𝑦 ≠ 1 

 

If 0 < 𝑦 < 1, (*)⇒ ∫ 𝑙𝑛𝑥 𝑑𝑥 ≤ ∫ 𝑥 − 1
1

𝑦
 𝑑𝑥

1

𝑦
 

⇒ [ 𝑥𝑙𝑛𝑥 − 𝑥]
1
𝑦

≤ [
1

2
𝑥2 − 𝑥]

1
𝑦

  

⇒ −1 − 𝑦𝑙𝑛𝑦 + 𝑦 ≤
1

2
− 1 −

1

2
𝑦2 + 𝑦  

⇒ −𝑦𝑙𝑛𝑦 ≤
1

2
−

1

2
𝑦2  

⇒ −𝑦𝑙𝑛𝑦 ≤
1

2
(1 − 𝑦)(1 + 𝑦)  

⇒
𝑙𝑛𝑦

𝑦−1
≤

𝑦+1

2𝑦
 , as 1 − 𝑦 > 0 

So 
𝑙𝑛𝑦

𝑦−1
≤

𝑦+1

2𝑦
 for 𝑦 > 0 & 𝑦 ≠ 1 

 

To establish the left-hand inequality: 

From (**), if 𝑦 ≥ 1, ∫ 𝑙𝑛𝑥 𝑑𝑥 ≥ ∫ 1 −
1

𝑥

𝑦

1
 𝑑𝑥

𝑦

1
 

⇒ [𝑥𝑙𝑛𝑥 − 𝑥]
𝑦
1

≥ [𝑥 − 𝑙𝑛𝑥]
𝑦
1

  

⇒ 𝑦𝑙𝑛𝑦 − 𝑦 + 1 ≥ 𝑦 − 𝑙𝑛𝑦 − 1  

⇒ 𝑙𝑛𝑦(𝑦 + 1) ≥ 2𝑦 − 2  

⇒
𝑙𝑛𝑦

𝑦−1
≥

2

𝑦+1
 , provided 𝑦 ≠ 1 

 

If 0 < 𝑦 < 1, (**)⇒ ∫ 𝑙𝑛𝑥 𝑑𝑥 ≥ ∫ 1 −
1

𝑥

1

𝑦
 𝑑𝑥

1

𝑦
 

⇒ [𝑥𝑙𝑛𝑥 − 𝑥]
1
𝑦

≥ [𝑥 − 𝑙𝑛𝑥]
1
𝑦
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⇒ −1 − 𝑦𝑙𝑛𝑦 + 𝑦 ≥ 1 − 𝑦 + 𝑙𝑛𝑦  

⇒ 𝑙𝑛𝑦(1 + 𝑦) ≤ −2 + 2𝑦  

⇒
𝑙𝑛𝑦

𝑦−1
≥

2

𝑦+1
 , as 𝑦 − 1 < 0 

 

So 
𝑙𝑛𝑦

𝑦−1
≥

2

𝑦+1
 for 𝑦 > 0 (and 𝑦 ≠ 1) 

 

Note: In the official mark scheme, in the alternative method for 

(ii), the last 3 lines should say: 

"Therefore, ... the LHS [𝑙𝑛𝑥] grows more rapidly for 𝒙 > 𝟏 and the 

RHS [1 −
1

𝑥
] grows more rapidly for 𝒙 < 𝟏, the inequality is true." 

[as can be seen by sketching the 2 curves] 

 


