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STEP 2017, P1, Q1 - Solution (2 pages; 4/10/19) 

(i) Let 𝑢 = 𝑥𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥,  

so that 𝑑𝑢 = (𝑠𝑖𝑛𝑥 + 𝑥𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥)𝑑𝑥 = 𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 

Then ∫
𝑥

𝑥𝑡𝑎𝑛𝑥+1
 𝑑𝑥 = ∫

𝑥𝑐𝑜𝑠𝑥

𝑥𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
 𝑑𝑥 

= ∫
1

𝑢
 𝑑𝑢 = ln|𝑥𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥| + 𝐶  

 

𝐼 = ∫
𝑥

𝑥𝑐𝑜𝑡𝑥−1
 𝑑𝑥 = ∫

𝑥𝑠𝑖𝑛𝑥

𝑥𝑐𝑜𝑠𝑥−𝑠𝑖𝑛𝑥
 𝑑𝑥  

𝑑

𝑑𝑥
(𝑥𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥) = 𝑐𝑜𝑠𝑥 − 𝑥𝑠𝑖𝑛𝑥 − 𝑐𝑜𝑠𝑥 = −𝑥𝑠𝑖𝑛𝑥  

So let   𝑢 = 𝑥𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥,  

so that 𝐼 = − ∫
1

𝑢
 𝑑𝑢 = −𝑙𝑛|𝑥𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥| + 𝐷 

 

(ii) [If necessary, try the simplest possible substitution. See 

comments later on.] 

 
𝑑

𝑑𝑥
(𝑥𝑠𝑒𝑐2𝑥 − 𝑡𝑎𝑛𝑥) = 𝑠𝑒𝑐2𝑥 + 𝑥

𝑑

𝑑𝑥
(𝑐𝑜𝑠𝑥)−2 − 𝑠𝑒𝑐2𝑥 

= −2𝑥(𝑐𝑜𝑠𝑥)−3(−𝑠𝑖𝑛𝑥) = 2𝑥𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥  

So let  𝑢 = 𝑥𝑠𝑒𝑐2𝑥 − 𝑡𝑎𝑛𝑥, 

so that  𝐼 =
1

2
∫

1

𝑢
 𝑑𝑢 =

1

2
𝑙𝑛| 𝑥𝑠𝑒𝑐2𝑥 − 𝑡𝑎𝑛𝑥| + 𝐸 

 

[As the first part of (ii) turned out to be straightforward, it is 

likely that it is needed in some way for the 2nd part of (ii).] 

[The simplest approach for the 2nd part of (ii) is to convert it to 

the form ∫
𝑓′(𝑥)

(𝑓(𝑥))2 𝑑𝑥.] 
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As 
𝑥𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

(𝑥−𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥)2 =
𝑥𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥

(𝑥𝑠𝑒𝑐2𝑥−𝑡𝑎𝑛𝑥)2 , 

let 𝑢 = 𝑥𝑠𝑒𝑐2𝑥 − 𝑡𝑎𝑛𝑥 again, 

so that the integral =
1

2
∫

2𝑥𝑡𝑎𝑛𝑥𝑠𝑒𝑐2𝑥

(𝑥𝑠𝑒𝑐2𝑥−𝑡𝑎𝑛𝑥)2 𝑑𝑥 =
1

2
∫

1

𝑢2  𝑑𝑢 

= −
1

𝑢
+ 𝐹 = −

1

2(𝑥𝑠𝑒𝑐2𝑥−𝑡𝑎𝑛𝑥)
+ 𝐹  

 

 


