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STEP 2016, Paper 3, Q3 – Solution (3 pages; 5/6/19) 

 

(i) 
𝑑

𝑑𝑥
(

𝑃(𝑥)𝑒𝑥

𝑄(𝑋)
) =

𝑥3−2

(𝑥+1)2 𝑒𝑥 

⇒
𝑄(𝑥)[𝑃′(𝑥)𝑒𝑥+𝑃(𝑥)𝑒𝑥]−𝑃(𝑥)𝑒𝑥𝑄′(𝑥)

[𝑄(𝑥)]2 =
𝑥3−2

(𝑥+1)2 𝑒𝑥   

⇒
𝑄(𝑥)[𝑃′(𝑥)+𝑃(𝑥)]−𝑃(𝑥)𝑄′(𝑥)

[𝑄(𝑥)]2 =
𝑥3−2

(𝑥+1)2   (A) 

RHS is undefined when 𝑥 = −1; hence 𝑄(𝑥) has factor of 𝑥 − 1; 

otherwise 𝑄(−1) ≠ 0, and LHS wouldn't be undefined. 

 

Let degrees of 𝑃(𝑥) and 𝑄(𝑥) be 𝑝 and 𝑞. 

Then degree of LHS of (A) is 

max{𝑞 + 𝑝 − 1, 𝑞 + 𝑝, 𝑝 + 𝑞 − 1} − 2𝑞 

and degree of RHS is  3 − 2 

So 𝑝 + 𝑞 − 2𝑞 = 1; 𝑝 = 𝑞 + 1, as required. 

 

When 𝑄(𝑥) = 𝑥 + 1, let 𝑃(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐. 

Then (A) ⇒ 

(𝑥 + 1)(2𝑎𝑥 + 𝑏 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐) − (𝑎𝑥2 + 𝑏𝑥 + 𝑐) = 𝑥3 − 2  

Equating coefficients of 𝑥0: 𝑏 = −2 

Equating coefficients of 𝑥1: 𝑏 + 2𝑎 + 𝑐 = 0; 2𝑎 + 𝑐 = 2 

Equating coefficients of 𝑥2: 2𝑎 + 𝑏 = 0; 𝑎 = 1; 𝑐 = 0 

[Equating coefficients of 𝑥3: 𝑎 = 1] 

So  𝑃(𝑥) = 𝑥2 − 2𝑥 
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(ii) 
𝑑

𝑑𝑥
(

𝑃(𝑥)𝑒𝑥

𝑄(𝑋)
) =

1

𝑥+1
𝑒𝑥 

⇒
𝑄(𝑥)[𝑃′(𝑥)𝑒𝑥+𝑃(𝑥)𝑒𝑥]−𝑃(𝑥)𝑒𝑥𝑄′(𝑥)

[𝑄(𝑥)]2 =
1

𝑥+1
𝑒𝑥   

⇒
𝑄(𝑥)[𝑃′(𝑥)+𝑃(𝑥)]−𝑃(𝑥)𝑄′(𝑥)

[𝑄(𝑥)]2 =
1

𝑥+1
  (B) 

 

Then 𝑄(𝑥) has a factor of 𝑥 + 1 (in order for both sides of (B) to 

be undefined when 𝑥 = −1). 

Suppose that 𝑄(𝑥) = (𝑥 + 1)𝑅(𝑥) 

Then (B) ⇒ 

(𝑥 + 1)𝑅(𝑥)[𝑃′(𝑥) + 𝑃(𝑥)] − 𝑃(𝑥)[𝑅(𝑥) + (𝑥 + 1)𝑅′(𝑥)]  

= (𝑥 + 1)[𝑅(𝑥)]2  

And 𝑥 = −1 ⇒ −𝑃(−1)𝑅(−1) = 0, so that 𝑅(𝑥) has a factor of 

𝑥 + 1, as 𝑃(𝑥) and 𝑄(𝑥) have no common factors; in particular 

𝑥 + 1 

[So 𝑄(𝑥) = (𝑥 + 1)2𝑆(𝑥), and we might be able to show that this 

continues indefinitely; so instead:] 

Let 𝑄(𝑥) = (𝑥 + 1)𝑛𝑇(𝑥), where 𝑇(𝑥) doesn't have a factor 

 of 𝑥 + 1. 

Then (B) ⇒ 

(𝑥 + 1)𝑛𝑇(𝑥)[𝑃′(𝑥) + 𝑃(𝑥)] − 𝑃(𝑥)[𝑛(𝑥 + 1)𝑛−1𝑇(𝑥) +

(𝑥 + 1)𝑛𝑇′(𝑥)]  

= (𝑥 + 1)2𝑛−1[𝑇(𝑥)]2  
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⇒ 

⇒ (𝑥 + 1)[𝑃′(𝑥) + 𝑃(𝑥)] − 𝑃(𝑥)[𝑛𝑇(𝑥) + (𝑥 + 1)𝑇′(𝑥)]  

= (𝑥 + 1)𝑛[𝑇(𝑥)]2  

And 𝑥 = −1 ⇒ −𝑃(−1)𝑛𝑇(−1) = 0, which contradicts the 

assumption that 𝑇(𝑥) doesn't have a factor of 𝑥 + 1. 

Thus the expression  
𝑃(𝑥)𝑒𝑥

𝑄(𝑥)
 for the integral isn't possible. 

 

 

 


