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STEP 2016, Paper 3, Q2 - Solution (2 pages; 6/5/19)

. . 2ap-2aq 2(p—q) 2
i) Gradient of PQ = = =
() Q ap*-aq®>  p?*-q*>  p+q

Also, tangent to curve at (at?, 2at) has gradient

d
ay _ Pge _ 2a
dx dx/dt 2at

1 . .
= 2,50 that gradient of normal at Q is —q

Thusﬁz—q andso2=—qp—q? and g> +qp+2 =0, as

required.

(ii) By symmetry, the point can be expected to lie on the x-axis.

(A)

y—2aq _ 2ar—2aq _ 2

Equation of QR is

x—aq? ar2-aq? r+q
Wheny =0, —aq(r + q) = x — aq?,

so that x = —agqr

Also, from (i), g* + gp + 2 = 0 and similarly for ;
ie g and r are solutions of x> + px + 2 =0,

so that gr = 2, and hence the required pointis (—2a, 0).

(iii) By symmetry, the line can be expected to be parallel to the y-
axis.

OP has equationy = x (ﬂ) = %x (B)

ap?

Using (A) to eliminate y gives
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Zx 2aq + 2(x-aq”)
p r+q
= x(r+q)=aqp(r+q) + (x —aq®)p

= x(r+q—p) =apqr

apqr
r+q—-p

=x =

Then, as g and r are solutions of x? + px+2=0,

qr =2andr +q = —p,

2a
so that x = Tp = —a

ie the required lineis x = —a

From (B), Tis (—a, — Z?a), so that the distance from the x-axisto T
. 2a
is —

p
To show that%a < %; ie that p > 2v2 (assuming p > 0; ifp < 0,
a

75 automatically, as a > 0:

2

then 22 <
p

In order for Q and R to be distinct, the discriminant of

x? + px + 2 = 0 must be positive; so that p? — 8 > 0; ie p > 2V/2,
as required.



