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STEP 2016, Paper 2, Q7 – Solution (2 pages; 24/5/18) 

1st part 

Let 𝑢 = 𝑎 − 𝑥; then ∫ 𝑓(𝑎 − 𝑥) 𝑑𝑥 =
𝑎

0
∫ 𝑓(𝑢)(−1)𝑑𝑢

0

𝑎
 

= ∫ 𝑓(𝑢) 𝑑𝑢 =  ∫ 𝑓(𝑥) 𝑑𝑥
𝑎

0

𝑎

0
  

 

(i) By (*),  

 𝐼 = ∫
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥

𝝅

𝟐
𝟎

= ∫
𝑠𝑖𝑛(

𝜋

2
−𝑥)

𝑐𝑜𝑠(
𝜋

2
−𝑥)+𝑠𝑖𝑛(

𝜋

2
−𝑥)

𝑑𝑥
𝜋

2
0

  

= ∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥 = 𝐽,

𝜋

2
0

𝑠𝑎𝑦  

Then 𝐼 + 𝐽 = ∫
𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥 = [𝑥]

𝜋

2

0
=

𝜋

2

𝜋

2
0

 

Hence 𝐼 =
1

2
(𝐼 + 𝐽) =

𝜋

4
 

 

(ii)  𝐾 = ∫
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥 = 𝐼 − ∫

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥
𝑑𝑥

𝜋

2
𝜋

4

𝜋

4
0

 

Let 𝑢 = 𝑥 −
𝜋

4
; then 𝐾 =

𝜋

4
− ∫

𝑠𝑖𝑛(𝑢+
𝜋

4
)

𝑐𝑜𝑠(𝑢+
𝜋

4
)+𝑠𝑖𝑛(𝑢+

𝜋

4
)

𝜋

4
0

𝑑𝑢 

=
𝜋

4
− ∫

𝑠𝑖𝑛𝑢(
1

√2
)+𝑐𝑜𝑠𝑢(

1

√2
)

𝑐𝑜𝑠𝑢(
1

√2
)−𝑠𝑖𝑛𝑢(

1

√2
)+𝑠𝑖𝑛𝑢(

1

√2
)+𝑐𝑜𝑠𝑢(

1

√2
)

𝜋

4
0

𝑑𝑢  

=
𝜋

4
− ∫

𝑠𝑖𝑛𝑢+𝑐𝑜𝑠𝑢

2𝑐𝑜𝑠𝑢

𝜋

4
0

𝑑𝑢  

=
𝜋

4
−

1

2
[− ln|𝑐𝑜𝑠𝑢|]

𝜋

4

0
−

1

2
[𝑢]

𝜋

4

0
  

=
𝜋

4
+

1

2
ln (

1

√2
) −

𝜋

8
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=
𝜋

8
−

1

2
𝑙𝑛√2  

 

(iii) 𝐿 = ∫ ln(1 + 𝑡𝑎𝑛𝑥) 𝑑𝑥 =
𝜋

4
0

∫ ln (1 + tan (
𝜋

4
− 𝑥)) 𝑑𝑥

𝜋

4
0

 

= ∫ ln (1 +
1−𝑡𝑎𝑛𝑥

1+𝑡𝑎𝑛𝑥
) 𝑑𝑥

𝜋

4
0

= ∫ ln (
1+𝑡𝑎𝑛𝑥+1−𝑡𝑎𝑛𝑥

1+𝑡𝑎𝑛𝑥
) 𝑑𝑥

𝜋

4
0

  

= ∫ 𝑙𝑛2 − ln(1 + 𝑡𝑎𝑛𝑥) 𝑑𝑥
𝜋

4
0

  

= [𝑥𝑙𝑛2]
𝜋

4

0
− 𝐿  

⇒ 𝐿 =
1

2
(

𝜋

4
) 𝑙𝑛2 =

𝜋𝑙𝑛2

8
  

 

(iv) [The presence of the 𝑥 in the integrand suggests Parts, 

provided that ∫
1

𝑐𝑜𝑠𝑥(𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥)
𝑑𝑥 can be evaluated, and also the 

integral of the result, between the limits 0 𝑎𝑛𝑑 
𝜋

4
] 

Consider 
𝑑

𝑑𝑥
(ln(1 + 𝑡𝑎𝑛𝑥)) 

=
1

1+𝑡𝑎𝑛𝑥
(𝑠𝑒𝑐2𝑥) =

1

𝑐𝑜𝑠2𝑥+𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥
=

1

𝑐𝑜𝑠𝑥(𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥)
  

So  ∫
1

𝑐𝑜𝑠𝑥(𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥)
𝑑𝑥 = ln(1 + 𝑡𝑎𝑛𝑥) 

Then, by Parts, 

∫
𝑥

𝑐𝑜𝑠𝑥(𝑐𝑜𝑠𝑥+𝑠𝑖𝑛𝑥)
𝑑𝑥

𝜋

4
0

= [𝑥 ln(1 + 𝑡𝑎𝑛𝑥)]
𝜋

4

0
− ∫ ln(1 + 𝑡𝑎𝑛𝑥) 𝑑𝑥

𝜋

4
0

  

=
𝜋

4
𝑙𝑛2 −

𝜋𝑙𝑛2

8
  (from (iii)) =

𝜋𝑙𝑛2

8
 


